THE ROLE OF ERROR ANALYSIS, DIAGNOSTIC GRADING PROCEDURES, AND STUDENT REFLECTION IN FIRST SEMESTER CALCULUS LEARNING (EPISTEMOLOGY, METACOGNITION, INQUIRY) by GEUTHER, KAREN JEAN
University of New Hampshire
University of New Hampshire Scholars' Repository
Doctoral Dissertations Student Scholarship
Spring 1986
THE ROLE OF ERROR ANALYSIS,
DIAGNOSTIC GRADING PROCEDURES,





University of New Hampshire, Durham
Follow this and additional works at: https://scholars.unh.edu/dissertation
This Dissertation is brought to you for free and open access by the Student Scholarship at University of New Hampshire Scholars' Repository. It has
been accepted for inclusion in Doctoral Dissertations by an authorized administrator of University of New Hampshire Scholars' Repository. For more
information, please contact nicole.hentz@unh.edu.
Recommended Citation
GEUTHER, KAREN JEAN, "THE ROLE OF ERROR ANALYSIS, DIAGNOSTIC GRADING PROCEDURES, AND STUDENT




This reproduction was m ade from a copy of a m anuscript sent to us for publication 
and microfilming. While th e  m ost advanced technology h as  been used  to p ho ­
tograph and reproduce th is  m anuscript, the quality of the reproduction is heavily 
dependent upon the quality of the material subm itted. Pages in any m anuscrip t 
may have indistinct print. In all cases the best available copy has  been filmed.
The following explanation o f techniques is provided to help clarify notations which 
may appear on this reproduction.
1. M anuscripts may n o t always be complete. When it is not possible to obtain 
m issing pages, a no te  appears to indicate this.
2. When copyrighted m aterials are removed from the m anuscript, a  note ap­
pears to indicate th is.
3. Oversize materials (maps, drawings, and charts) are photographed by sec­
tioning the original, beginning at the upper left hand corner and  continu­
ing from left to righ t in equal sections w ith small overlaps. Each oversize 
page is also filmed a s  one exposure and is available, for an  add itional 
charge, as a s tandard  35mm slide or in black and  white paper format.*
4. Most photographs reproduce acceptably on positive microfilm or micro­
fiche b u t lack clarity on xerographic copies made from the microfilm. For 
an  additional charge, all pho tographs are available in  black and  w hite 
standard  35mm slide format. *
*For more information about black and white slides or enlarged paper reproductions, 
please contact the Dissertations Customer Services Department.
T T-A/T-T Dissertation 
U  I V I J l Information Service
University Microfilms International
A Bell & Howell Information Company
300 N. Zeeb Road, Ann Arbor, Michigan 48106

8621601
G euther, Karen J ea n
THE ROLE OF ERROR ANALYSIS, DIAGNOSTIC GRADING PROCEDURES, 
AND STUDENT REFLECTION IN FIRST SEMESTER CALCULUS LEARNING
U niversity o f New H am psh ire  Ph.D. 1986
University
Microfilms
International 300 N. Zeeb Road, Ann Arbor, Ml 48106
Copyright 1986
by




In all ca se s  this material has been filmed in the best possible way from the available copy. 
Problems encountered with this docum ent have been identified here with a  check  mark V .
1. Glossy photographs or p a g e s ______
2. Colored illustrations, paper or print_______
3. Photographs with dark background_____
4. Illustrations are poor co p y _______
5. Pages with black marks, not original co p y ______
6. Print shows through as there is text on both sides of p a g e ________
7. Indistinct, broken or small print on several pae~s ^
8. Print exceed s margin requirem ents______
9. Tightly bound cop y  with print lost in sp in e________
10. Computer printout pages with indistinct print_______
11. P a g e(s)____________ lacking when material received, and not available from school or
author.
12. P a g e(s)_____________ seem  to b e  missing ir. numbering only as text follows.
13. Two pages num bered . Text follows.
14. Curling and wrinkled p a g e s_______






THE ROLE OF ERROR ANALYSIS, DIAGNOSTIC 
GRADING PROCEDURES, AND STUDENT REFLECTION 
IN FIRST SEMESTER CALCULUS LEARNING
BY
KAREN JEAN GEUTHER 
B.A., State University of New York College at Cortland, 1975 
M.A., State University of New York at Albany, 1978 
M.S., University of New Hampshire, 1983
DISSERTATION
Submitted to the University of New Hampshire 
in Partial Fulfillment of 
the Requirements for the Degree of




This dissertation has been examined and approved.
'ssertation directo/rT Joan Ferrini-Mundy 
Assistant Professor Vf Mathematics
Ke'nneth Constantine, Assistant Professor of Mathematics
Richard Balomenos,Professor of Mathematics Education
Albert Bennett, Jr., Associate Professor of Mathematics
Sharon Oja, Associate Professor of Education
May 6, 1986
Date




I would like to thank all the members of my committee 
who contributed their time and expertise toward the com­
pletion of this project. I am especially grateful to my 
advisor, Dr. Joan Ferrini-Mundy, for her valuable insights, 
constant encouragement, and unfailing patience. Her time, 
efforts, and friendship are greatly appreciated. I wish to 
thank Dr. Richard Balomenos for his help with this project 
and his support throughout my graduate career. A special 
note of gratitude is due Dr. Kenneth Constantine for his 
careful and insightful assistance in the data analysis phase 
of the study. I am also grateful to Dr. Sharon Oja and Dr. 
Albert Bennett Jr. for their encouragement and careful read­
ings of the preliminary manuscripts.
I am grateful to the calculus graders and students at 
the University of New Hampshire whose cooperation made it 
possible for me to collect the data necessary for this in­
vestigation. I wish to thank Linda Dart for her help with 
the data entry phase. The financial support for this study 
provided by the Central University Research Fund was greatly 
appreciated. I also wish to thank Pam Glawe of *Word Associ­
ation for her careful and expert assistance in the prepara­
tion of this manuscript.
I would like to extend a special note of gratitude to 
my friends, in particular, Denise Darrigrand, Bob Graham,
Carolyn Magness, Dick Mundy, Ellen and Mike O'Keefe, Judy 
Rector, and Kim Vogt, who individually and collectively 
helped me to maintain my physical and emotional well-being 
throughout the past six years.
Finally, I am most indebted to my family, Darwin, 
Florence, Ronald, Mark, Debbie, Tom, Justin, and Ryan. This 
project could not have been completed without their constant 




LIST OF TABLES.............................. ..... ......  xi
LIST OF FIGURES.......................................... xiv
ABSTRACT.................................................  xv
CHAPTER PAGE
I. THE RESEARCH PROBLEM........................... 1
Rationale......................................  1
The Theoretical and Empirical Framework: "
An Overview....................................  3
Constructivism and Conceptual Change......  3
Student Errors and Misconceptions.......... 7
The Learning Environment and Reflection.... 9
Implications for Teaching.............   10
Research Goals and Questions.................  11
Goals........................................  12
Research Questions..........................  12
Summary........................................  14
II. THEORETICAL FRAMEWORK.......................... 15
The Nature and Acquisition of Knowledge.....  16
Constructivism............................... 16
Conceptual Change...........................  23
Summary......................................  29
Perspectives on Learning and Understanding... 32
Learning.....................................  33
Understanding................................ 36
Student Errors and Misconceptions in 
a Constructive Learning Process..............  39
Reflection.....................................  44
Characteristics of a Constructive
Learning Environment..........................  48
Summary........................................  52
III. RELATED RESEARCH............................... 55
Error Analysis................................. 55
Error Classification........................  56
Schemes reflecting general processes  57
Schemes reflecting specific skills.......  65
Summary....................................  67
Relationship of Errors to Other Variables.. 67
Exploring Student Frameworks and
Alternative Conceptions..................... 71
Connecting the Framework to Practice......... 80
Motivation for Instructional Strategies.. 80
Relationship to Discovery Learning......  82
Instructional Strategies which Promote
Student Self-Awareness...................  84
General Strategies.......................  85
Questioning Techniques.................... 89
Summary....................................  93
Implications for Teacher Training.......... 94
Other Variables................................ 98
Calculus Learning.............................  100
Summary........................................  101
vii




Calculus Students.........................  107
Calculus Graders..........................  108
Procedure....................................  112
Error Classification...................... 112
Traditional Grading Environment.......... 118
Format for a Constructive Grading 
Environment................................ 119
Design of Constructive Grader
Preparation Materials..................... 121




Algebra/Trigonometry Pretest.............  126
Calculus Unit Tests....................... 127
Calculus I Final Examination.............  129
Student Reflection Attitude Scale........ 129
Grader Reflection Attitude Scale......... 129
Summary........................................  130
V. ANALYSES AND RESULTS..........................  131
Descriptive Statistics........................  132
Investigation of Research Questions.......... 150
viii
Analysis of Variance of Each Unit Test
Score (First and Second Try) and the
Calculus Final Examination.................  152
Profile Analysis for Subjects Who Took
Both Trys on Each Unit Test................  156
Multivariate Analysis of Covariance of
U1TS, U2TS, U3TS, U4TS, and FINAL by
COLLEGE, SEX, AND GF with covariate
PRETEST......................................  160
Multivariate Analysis of Variance for
NROUT and ROUT Subscores on FINAL ......... 161
Log-linear Analysis of Individual Final 
Examination Question........................  163
Item 18....................................  184
Item 28....................................  185
Item 30....................................  185
Item 32...................    186
Analysis of Student Reflection Attitude
Scale........................................  187
Log-linear Analysis of Likert Scale, SRAS 187
Analysis of Open-ended Questions, SRAS... 191
Analysis of Grader Reflection Attitude
Scale........................................  196
Analysis of the rank-orderings, GRAS  196
Analysis of Open-ended questions, GRAS... 196
VI. SUMMARY, INTERPRETATION, AND IMPLICATIONS  207
Summary and Interpretation of Quantitative
and Qualitative Results....................... 207
Summary of Quantitative Results............ 208
Interpretation of Quantitative Results  211
Lack of significant treatment effect  211
ix
Significant college effect...............  214
Significant sex-by-grading format 
interaction................................ 216
Distractor analysis.......................  217
Analysis of grader rankings..............  220
Interpretation of Qualitative Results.....  221
Student open-ended question..............  221
Grader open-ended question...............  222
Implications for Research and Practice......  223
Conclusion.....................................  230
APPENDIX A ...............................................  230
APPENDIX B ...............................................  237
APPENDIX C ...............................................  243
APPENDIX D ...............................................  252
APPENDIX E ...............................................  255
APPENDIX F ...............................................  260





















Descriptive Statistics for PRETEST by COLLEGE, Entire 
Calculus I Class, Semester I, 1985-1986..............
Test Taking Patterns for UNTS (N=l,2,3,4) by GRADING 
FORMAT...................................................
Test Taking Patterns for UNTS (N=l,2,3,4) by SEX.....
Test Taking Patterns for UNTS (N=l,2,3,4) by COLLEGE.
Means and Standard Deviations for all Subjects and 
All Measures..............  ...........................
Means and Standard Deviations for all Subjects and 
All Measures by GRADING FOIMAT........................
Means and Standard Deviations for all Subjects and 
All Measures by SEX....................................
Means and Standard Deviations for all Subjects and 
All Measures by COLLEGE................................
Correlations Among All Pairs of Unit Tests, Final 
Examination, and Pretest, All Subjects...............
Correlations Among All Pairs of Unit Tests, Final 
Examination, and Pretest, by GRADING FORMAT..........
Correlations Among All Pairs of Unit Tests, Final 
Examination, and Pretest, by SEX......................
Correlations Among All Pairs of Unit Tests, Final 
Examination, and Pretest, by COLLEGE.................
2 x 2 x 2  Analysis of Variance of U4TS1 by COLLEGE, 
SEX, and GRADING FORMAT................................
2 x 2 x 2  Analysis of Variance of U4TS2 by COLLEGE, 
SEX, and GRADING FORMAT............ ...................
2 x 2 x 2  Analysis of Variance of FINAL by COLLEGE, 
SEX, and GRADING FORMAT................................
Cell Means and Standard Deviations U4TS2.............
Means and Standard Deviations UNTS1 (N=l,2,3,4) 
























Means and Standard Deviations UNTS1 (N=l,2,3,4)
and UNTS2 (N=l,2,3,4) for CONTROL Group by
COLLEGE and SEX........................................
Hierarchal Order of Log-linear Models................
Last Model for Which MS's Converged..................
Contingency Table for Distractor Choice on Item 3....
Contingency Table for Distractor Choice on Item 8 . . . .
Contingency Table for Distractor Choice on Item 14...
Contingency Table for Distractor Choice on Item 18...
Contingency Table for Distractor Choice on Item 27...
Contingency Table for Distractor Choice on Item 28...
Contingency Table for Distractor Choice on Item 30...
Contingency Table for Distractor Choice on Item 32...
Component Chi-square Analysis for Item 18............
Component Chi-square Analysis for Item 30............
Component Chi-square Analysis for Item 32............
Contingency Table for Distractor Choice On Item 18, 
COLLEGE by GF...........................................
Contingency Table for Distractor Choice On Item 28, 
by GF...................................................
Contingency Table for Distractor Choice On Item 30, 
by SEX..................................................
Contingency Table for Distractor Choice On Item 32, 
by COLLEGE..............................................
Frequency Table for Categories of Responses to SRAS
Question II, by GRADING FORMAT........................
Frequency Table for Categories of Responses to SRAS
Question II, by SEX....................................
Frequency Table for Categories of Responses to SRAS
Question II, by COLLEGE................................
xii
39. Wilcoxon Rank Sum Statistic for Question III-VI,
GRAS..................................................... 198
40. Errors Detected by Graders on Question 1.1, GRAS  200
41. Errors Detected by Graders on Question 1.2, GRAS  201
42. Errors Detected by Graders on Question 1.3, GRAS  203
43. Frequency Table for Categories of Responses to
GRAS Question II, by GRADING FORMAT...................  205
D-l Means and Standard Deviations, UNTS1 (N=l,2,3,4),
UNTS2 (N=l,2,3,4), and FINAL, CONSTRUCTIVE Group 
by COLLEGE and SEX.....................................  253
E-l Item Analysis for FINAL, Entire Class, Calculus I,
Fall 1985...............................................  256
E-2 Likelihood Ratio Chi-square Statistics Null Log-
linear Model for Each Final Examination Item.........  257
xi ii
LIST OF FIGURES
1. Class data for all subjects..........................  109
2. College data for all subjects........................ 110
3. College data for calculus graders...................  Ill
4. Major data for calculus graders enrolled in the
College of Engineering and Physical Sciences.......  Ill
5. U4TS2 as a function of GRADING FORMAT and SEX....... 155
6. Profiles for the eight groups, GF X COLLEGE X SEX.. 159
7. Final subscores as functions of COLLEGE and SEX.... 160
xiv
ABSTRACT
THE ROLE OF ERROR ANALYSIS, DIAGNOSTIC 
GRADING PROCEDURES, AND STUDENT REFLECTION 
IN FIRST SEMESTER CALCULUS LEARNING
by
Karen Jean Geuther 
University of New Hampshire, May, 1986
The present study is an integrative study designed to 
explore the nature of student difficulties within the con­
text of a first semester college calculus course. The tech­
niques of error analysis were used to identify and catego­
rize the student difficulties. Insights gained from this 
categorization served as the basis for the design and devel­
opment of calculus grader preparation materials implemented 
with a subgroup of undergraduate calculus graders. These 
preparation materials had two major goals: to familiarize 
the graders with the classification scheme and its use in 
diagnosing errors, and to develop activities designed to 
expose the graders to interview techniques which will guide 
their interactions with the students. These activities 
emphasized grader diagnosis of student difficulties and 
student reflection on errors and process. Current prepara­
tion procedures served as the control on the basis of which 
comparisons and evaluations were made.
xv
Questions regarding the relationship between these 
materials, the grading environment established by their 
implementation, and the factors of SEX, COLLEGE, student 
reflection, and calculus achievement, were investigated. 
Achievement scores as measured by calculus unit tests and a 
calculus final examination were collected on all subjects.
A reflection attitude scale was administered to all students 
and graders participating in the study.
Univariate analyses of variance of the unit test scores 
and the final examination revealed a significant effect of 
COLLEGE on the first and second try for Unit A and the final 
examination. The result was in favor of those students en­
rolled in the College of Engineering and Physical Sciences.
A significant SEX x GRADING FORMAT interaction, indicating a 
more positive influence of the treatment grading format for 
men than for women, was found on the second try for Unit A. 
The effect of GRADING FORMAT fell just short of signifi­
cance on the final examination, suggesting the possibility 
that the effect is cumulative. A multivariate analysis of 
co-variance indicated a significant main effect for COLLEGE. 
A log-linear analysis of the distractor choices on the A0- 
item multiple choice final examination indicated several 
significant main effects and interactions on several of the 
items. Results of the analysis performed on a grader 
reflection attitude scale suggest that a difference in atti­
tude, commitment, and use of the constructive grading pro­
cedures existed between the treatment and control graders.
xvi
Hypotheses and questions suitable for future 
in the areas of error analysis, teacher training, 





THE RESEARCH PROBLEM 
Rationale
One of the primary concerns of educators and research­
ers in the area of mathematics education is the inadequate 
student understanding of mathematical concepts. Supporting 
evidence for this concern is available in many of the recent 
reports from various national commissions and in particular 
in the most recent National Assessment of Educational Prog­
ress (NAEP, 1983). Results of this Third National Assess­
ment indicate that students at all levels perform poorly on 
items whose form and content differ even slightly from a 
standard presentation. Carpenter et al. (1984), in their 
report on the NAEP results, state that American schools have 
been successful in teaching routine computational skills. 
They emphasize that the greatest score gains occurred in 
areas which can be learned as isolated skills and that only 
a small percentage of students were successful at analyzing 
mathematical problems and applying mathematics to nonroutine 
situations. Davis (1984) in his book Learning Mathematics:
A Cognitive Science Approach to Mathematics Education, des­
cribes several studies of student knowledge (Clement, Loch- 
head, & Monk, 1981; di Sessa, 1982). He argues that these 
studies and others demonstrate that many university students
2studies reviewed by Davis indicate that, although they may 
have been successful in high school, many college students 
have inappropriate ideas about such important concepts as 
variable, equality, and function.
In response to the above concerns, several trends have 
escalated in mathematics education research and practice. 
First, there has been an increase in commitment to research 
studies designed to investigate the precise nature of stu­
dent difficulties (Davis, 1984). Second, there is an 
increased recognition of the need for more integrative 
research which no longer examines just curriculum or stu­
dents or teachers, but how the three potentially interact 
in a given setting. This type of research would of necessity 
take into account assumptions about the general nature of 
the learner (Romberg & Carpenter, 1985). Further, Good 
(1984) in his invited address on recent research of teaching 
argues that integrative research should be conducted in con­
texts which resemble the social environment of the class­
room .
The present study is an integrative study designed to 
explore the nature of student difficulties within the 
context of a first semester college calculus course. The 
techniques of error analysis are applied to identify and 
categorize the student difficulties. Insights gained from 
this categorization process, as well as the actual error 
classification scheme, served as the basis for the design 
and development of calculus grader preparation materials
3implemented with a sub group of undergraduate calculus 
graders. These preparation materials had two major goals: 
to familiarize the graders with the classification scheme 
and its use in diagnosing errors, and to develop activities 
designed to expose the graders to interview techniques which 
will guide their interactions with the students. These 
activities emphasized grader diagnosis of student difficul­
ties and student reflection on errors and process. Current 
preparation procedures served as the control on the basis of 
which comparisons and evaluations were made. Relationships 
between these procedures and such factors as sex, college- 
choice, tendency to reflect, error patterns, and calculus 
achievement were investigated. The results have implica­
tions in the areas of research on student difficulties, 
teacher training, and calculus curriculum and instruction. 
This chapter presents an overview of the study's theoretical 
and empirical framework. It concludes with an outline of the 
research questions and goals investigated in the present 
study.
The Theoretical and Empirical Framework: An Overview
Constructivism and Conceptual Change
An examination of student difficulties must be based on 
a theoretical perspective concerning the nature of learning, 
knowledge, and understanding. The theoretical basis for the 
study has its roots in the theories of constructivism and
4conceptual change. Constructivism, which was proposed by 
Piaget (1970) and has been articulated by von Glasersfeld 
and Cobb (1983), is a theory which concerns itself with the 
development of knowledge in the individual. The construc­
tivist view of knowledge is one of environmental fit. 
According to this view, the individual constructs a repre­
sentation of the world by interacting with and organizing 
his/her experiences. To know something does not imply, as 
it did traditionally, that the individual possesses a con­
ceptual structure that matches something that is ontologi- 
cally real. Rather, to know something, from a construc­
tivist perspective, means that the individual possesses a 
conceptual structure that will fit a certain type of 
experience (von Glasersfeld & Cobb, 1983). From this per­
spective, knowledge is considered good knowledge as long 
as it works; as long as it stands up to experience and 
allows the individual to make predictions, solve problems, 
and attain his/her goals (von Glasersfeld, 1984; von 
Glasersfeld & Cobb, 1983). Von Glasersfeld (1984) argues 
that this perspective of knowledge has major implications 
for the teaching/ learning process. Such a perspective 
requires a reconceptualization from the learner as a 
passive recipient of knowledge to the learner as an active 
participant who is trying to make sense out of the infor­
mation being presented by evaluating, connecting, and 
organizing the information relative to his/her prior 
experiences. Consequently, the student is not a "pas-
5sive learner who simply absorbs knowledge," but a learner 
who "actively structures incoming information in an attempt 
to fit it into his/her established framework" (Good, 1984, 
p . 2) .
West and Pines (1985) propose that several processes 
are involved under the perspective of learning as one in 
which learners make sense of their own inputs. The term 
"conceptual development" is used to describe any process 
involving expansion, integration, or differentiation of 
information. The second process, dubbed "conceptual 
resolution" by the authors, describes one of two processes 
which could occur when the student encounters a conflict 
between the knowledge which is being presented and previous 
experience. Conceptual resolution involves resolving or 
accepting the difference in meaning between a real-world 
use and a curriculum use of a particular term. West and 
Pines use the term "conceptual change" to describe situa­
tions where the conflict within the individual is more 
intense and cannot be resolved by simply accepting two 
meanings. Conceptual change is a term which has been used 
by others (Confrey, 1980; Kuhn, 1970; Strike & Posner, 1985; 
Toulmin, 1972) and describes a process which involves an 
abandonment of commitment to one set of conceptual under­
standings and the adoption of another irreconcilable set.
It is usually a difficult and painful process which requires 
special instructional techniques.
The theory of conceptual change has it origins in the
6philosophy of science and is concerned with the growth of 
scientific knowledge. Confrey (1980) is one of the few 
individuals who has examined the theory's relationship to 
mathematical knowledge. The tenets of the theory of concep­
tual change are found in the works of Kuhn (1970) and Toul- 
min (1972). Toulmin argues that concepts adapt to their 
intellectual environment in a similar manner to the way in 
which organisms adapt to their physical environment. Con­
ceptual change is viewed as an adaptive process which can 
best be investigated by exploring how various concepts 
develop, decay, and are replaced by other concepts (Petrie, 
1976) .
The theories of conceptual change and constructivism 
share a common perspective of the learning environment. 
Learning is viewed as a rational activity and a process of 
inquiry in which the learner must make judgements on the 
basis of available evidence. Using this perspective, when­
ever the learner is presented with a new phenomenon, he/she 
must make use of his/her current concepts to organize the 
investigation. Toulmin (1972) refers to the set of concepts 
which guide an individual's investigation as the learner's 
conceptual ecology (Posner et al., 1982). Conceptual change 
investigations explore the features of a conceptual ecology 
and the conditions under which the central concepts of such 
an ecology come to be replaced. Such investigations are 
based on the premise that the development of conceptual 
ecologies in an individual is analogous in many aspects to
7the development and change of the central concepts of the 
discipline under consideration.
Student Errors and Misconceptions
The theories of constructivism and conceptual change 
provide a framework within which student errors and mis­
conceptions in first semester calculus can be discussed. 
Errors, from this perspective, can be viewed as the result 
of reasonable but unsuccessful attempts to adapt prior 
knowledge to a new situation (Matz, 1982). The construc­
tivist perspective has led several researchers (Confrey & 
Lipton, 1985; Davis, 1984; Erlwanger, 1975; Radatz, 1971) 
to hypothesize that the majority of errors made by students 
in solving mathematical problems are systematic and the re­
sult of definite processes which are considered rational by 
the students who possess them. As such they can serve as 
sources of valuable insights into student difficulties 
(Ginsburg, 1977; Matz, 1982). Misconceptions describe an 
internalization and associated meaning of a concept which is 
at variance with the "accepted" view (Nussbaum & Novick,
1982). They differ from systematic errors in the level of 
student commitment and resistance to instruction (Confrey & 
Lipton, 1985).
Most of the empirical work in these areas of student 
errors and misconceptions has been of the qualitative/ 
clinical nature, focusing on one student or a small group 
of students and one particular concept. There have, how-
8ever, been several attempts to "quantify" the results. One 
attempt which has been undertaken by several researchers 
(Bell, 1983; Donaldson, 1963; Newman, 1977; Pippig, 1975; 
Radatz, 1979) involves the development of an error classi­
fication scheme for some given content area. Some of the 
schemes arise from the investigation of the problem solving 
process (Newman, 1977). Others appear to be based on an 
examination and categorization of specific errors (Bell, 
1983; Donaldson, 1963; Pippig, 1975; Radatz, 1979). The 
majority of these studies concern themselves with precol­
lege content. The present study extends this work by in­
vestigating the applicability of these existing schemes to 
post-secondary content, specifically the content found in 
a first semester calculus course at the University of New 
Hampshire.
Several researchers (Clements, 1980; Marshall, 1983; 
Wheeler & Harris, 1981) have attempted more quantitative 
error analysis studies by investigating the relationship 
between individual and group characteristics and errors. 
Questions focus on whether any individual or group patterns 
exist and, if so, how the patterns differ. Results from 
these studies suggest that an error classification scheme 
can serve as the basis for investigating individual and 
group error patterns. These patterns have the potential of 
allowing the researcher to describe processes used by stu­
dents in solving problems as well as student characteristics 
that might prove helpful in designing intervention.
9The Learning Environment and Reflection
A major influence of the theories of constructivism and 
conceptual change on the present study is their collective 
perspective of the learning process as a process of inquiry 
in which the learner actively evaluates, integrates, and 
differentiates his/her experiences. Several researchers 
(Confrey, 1984, 1985; Fisher & Lipton, 1983; Nussbaum & 
Novick, 1982; von Glasersfeld, 1983) have proposed charac­
teristics of the learning environment based on this per­
spective. In each case the description calls for a learn­
ing environment which promotes student awareness of their 
errors, conceptual ecologies, and solution processes. This 
self-awareness is usually referred to as reflection and it 
plays a major role in the present study. Reflection in this 
context is defined as the activity whereby an individual 
becomes aware of and gains control over concepts and proce­
dures (Kilpatrick, 1985; Skemp, 1971, 1979; von Glasersfeld,
1983).
The present study seeks to foster the characteristics 
of a constructivist learning environment, particularly 
reflection, within the context of a testing center in a 
first semester calculus course. The study's design and 
development were influenced by existing work in the areas of 
mathematical problem solving, questioning techniques, and 
teacher training.
Empirical research in the area of mathematical problem 
solving has investigated the characteristics of this process
10
called reflection and the nature of its role in the learning 
situation (Flavell, 1979; Garafalo & Lester, 1985; Koplo- 
witz, 1979; Peterson & Swing, 1982; Schoenfeld, 1983).
Other researchers have focused on the development and inves­
tigation of instructional strategies designed to promote 
reflection (Confrey, 1985; Nussbaum & Novick, 1982; Osborne, 
1981; Pope & Gilbert, 1981). The results of these studies 
suggest that flexibility and encouragement to ask questions 
are principal ingredients of an environment designed to 
promote self-awareness and an active role in the learner.
The ability to generate questions and the relationship 
between this ability and such factors as reflection and 
achievement have been investigated by several researchers, 
mainly in the areas of science and reading (Blank & Coving­
ton, 1965; Scott, 1973, 1977; Suchman, 1961; Wong, 1985). 
These studies provide several interesting results and sug­
gest that further research which investigates the relation­
ship between reflection, achievement, solution processes, 
errors, retention, and teaching would be of value.
Implications for Teaching
The framework outlined here, based on epistemological 
theories of constructivism and conceptual change, suggests 
that classroom situations designed to encourage reflective 
activity must involve the active participation of both the 
teacher and the learner. Teaching is viewed as a process of 
communication which allows the teacher to form a model of
11
how the student is viewing the problem and, at the same 
time, allows students to become more aware of what they 
themselves are thinking, and the connections they are mak­
ing. From this perspective, the process of reflection can 
play a major role. It aids the teacher in investigating the 
student's level of conceptual commitment and it aids the 
student in the construction of more appropriate and useful 
concepts. The role of the teacher in a learning environment 
based on a constructivist perspective is, therefore, neces­
sarily an active one.
Several researchers have explored the implications of 
the above perspective on teacher training (Gilbert, 1983; 
McAloon, 1979; Mundy, Waxman, & Confrey, 1983; Stevens et 
al. , 1982). These research studies provide models for 
teacher training programs based on a constructivist per­
spective of learning. This research influenced the devel­
opment of the undergraduate grader preparation materials 
implemented in the present study. Insights gained from 
the design of these materials and their subsequent imple­
mentation will have implications for future studies inves­
tigating teacher training and the role of the teacher in a 
constructive learning environment.
Research Goals and Questions
The preceding discussion was designed to give an over­
view of the theoretical and empirical framework for the pre­
sent study. Within this framework a specific content area
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and classroom environment, first semester college calculus, 
were investigated. Several research goals were suggested by 
the framework within this context.
Goals
1) A preliminary exploration of the errors made by students 
in a first semester calculus course.
2) The development of a set of error categories representing 
an adaptation and expansion of existing error classification 
schemes to first semester calculus.
3) The development of instructional materials for use in 
calculus grader preparation sessions. These materials are 
based on a constructivist perspective of learnng and know­
ledge concerning student difficulties obtained in (1) and 
(2) above.
4) The investigation of two grading formats. One of these 
formats is based on the above instructional materials and 
focuses on student evaluation and reflection of his/her par­
ticular errors and solution processes. The other follows a 
format which involves a grader demonstrating the correct 
solution to a student with no explicit emphasis on reflec­
tion, errors, or student participation.
As a means of obtaining the above goals, the following 
more specific research questions were addressed.
Research Questions
1) Are there treatment effects on "second try" calculus unit
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test scores, unit test scores, calculus final exam scores, 
and routine and non-routine calculus final exam subscores, 
for first semester calculus students?
2) Are there treatment-by-college interactions on unit test 
scores, "second try" unit test scores, calculus final exam 
scores, and routine and non-routine calculus final exam sub­
scores?
3) Are there treatment-by-sex interactions on unit test 
scores, "second try" unit test scores, calculus final exam 
scores, and routine and non-routine calculus final exam 
subscores ?
4) Are there treatment effects in the distractor choice 
patterns of first semester calculus students on a 40-item 
multiple-choice calculus final examination?
5) Are there treatment effects in the response patterns of 
first semester calculus students on questions measuring 
student tendency to reflect, test taking procedures, and 
student perception of the grading process?
6) Are there treatment-by-sex interactions on the response 
patterns on questions measuring student tendency to reflect, 
test taking procedures, and student perception of the 
grading process?
7) Are there treatment-by-college interactions on the 
response patterns on questions measuring student tendency to 
reflect, test taking procedures, and student perception of 
the grading process?
8) Are there treatment effects in the response patterns of
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undergraduate calculus graders on questions measuring grader 
tendency to reflect, grading procedures, and grader 
perception of the grading process?
Summary
The present study has been influenced by work in the 
areas of constructivist learning theory, error classifica­
tion and analysis, conceptual change and conceptual frame­
works, student alternative frameworks, and the processes of 
self-awareness and reflection. These areas of theory and 
research share common hypotheses about the nature of the 
teaching/learning process. The present study seeks to 
explore in further detail the themes introduced in this 
chapter and to investigate the research questions and goals 
upon which these themes converge.
CHAPTER II
THEORETICAL FRAMEWORK
The focal point of the present study is student 
learning in a first semester calculus course. The study's 
development was influenced by theories about the nature of 
learning, knowledge, and understanding. It is therefore 
beneficial, if not necessary, to examine these theories and 
the companion empirical research in order to justify the 
research goals and questions outlined in Chapter I and to 
have a basis for interpreting the results.
As mentioned previously, the theoretical framework for 
the present study has its epistemological roots in the the­
ory of constructivism as articulated by Piaget (1970) and 
expanded on by von Glasersfeld (1983, 1984), and the evolu­
tionary theory of conceptual change as proposed by Toulmin 
(1972). The present chapter begins with a discussion of 
the major tenets of each of these theories as they relate to 
the nature and acquisition of knowledge. Following this, a 
discussion of understanding will be presented as a means of 
relating the above philosophic theories to school learning 
and classroom practice. This relationship will be further 
examined in sections on student errors and the process of 
reflection. In Chapter III, the empirical research in these 
latter areas of error analysis and student reflection--as 
well as related areas of student alternative frameworks,
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metacognition, and calculus learning--will be reviewed and 
critiqued.
The Nature and Acquisition of Knowledge
Constructivism
Philosophers have been interested in the nature of 
knowledge for centuries. Their discussions have led to the 
development of theories which attempt to explain what know­
ledge should be and how cultures, as well as individuals, 
come t<vhave it. The more traditional view of knowledge has 
been one that argues for knowledge as the objective accumu­
lation of facts. This latter theory, sometimes referred to 
as absolutism, portrays knowledge as static, given, unques­
tionable, and having an existence independent of the indi­
vidual (von Glasersfeld and Cobb, 1983).
Von Glasersfeld (1983, 1984) outlines an historical 
development of this more traditional view of knowledge. He 
states that as far back as the close of the fifth century 
B.C., a relatively general philosophic scenario had already 
been established:
By and large, the thinkers who concerned themselves 
with the cognizing activity tacitly accepted the sce­
nario in which the knower and the things of which, or 
about which, he or she comes to know are from the out­
set, separate and independent entities. (von Glasers­
feld, 1983, p. 44)
In other words, knowledge has an independent existence from
the individual. From this viewpoint, the individual is said
to come into this world as a discoverer who, through the use
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of the senses, must "find out what the things of the Real 
World are like, how they work, and in what way they can be 
managed" (von Glasersfeld & Cobb, 1983, p. 217).
This description of knowledge and of the individual's 
role in its acquisition has historically led philosophers to 
a consideration of the epistemological problems of how the 
individual composes a picture of reality and how he/she 
judges whether or not that picture is "true." In attempting 
to address these problems, philosophers were confronted with 
a fundamental paradox which is still unresolved. Von Glas- 
ersfelcT (1983) st ates the paradox as follows: "...to assess 
the truth of your knowledge you would have to know what you 
come to know before you come to know it" (p. 47). Piaget 
(1970) describes this view of knowledge and the consequent 
paradox as a vicious cycle, where the job of the individual 
is to make a copy of a model that he/she can know only 
through making a copy. The individual is left in the posi­
tion of never knowing whether his/her copy is like the 
model.
Several attempts have been made to circumvent this par­
adox. For example, Plato placed reality in the world of 
ideas in the mind and down played the role of the senses . 
Descartes suggested that the ultimate authority was the Cre­
ator. According to this view, an individual had to accept 
on faith that his/her senses were conveying a true picture. 
The problem with all such attempts was that they still 
rested on the assumption that there is a ready-made, objec­
tive world which the individual is supposed to get to know,
and the paradox remained unresolved (von Glasersfeld, 1983)
Von Glasersfeld and Cobb (1983) sum up why this traditional
scenario remains unsatisfactory:
If the knower can never be sure that the picture of 
the world which he or she distills from experience 
is unquestionably a correct representation of the 
world that exists as such, the knower is cast in the 
role of a discoverer who has no possible access to 
what he or she is expected to discover, (p. 218)
In contrast to this view of knowledge as the objective
accumulation of facts and independent of the individual and
experience, is von Glasersfeld ' s discussion of radical con-
tructivism and Piaget's presentation of genetic epistemol-
ogy. Both of these theorists view knowledge as active and
the individual as having an active role in its construction
Piaget views scientific knowledge not as a static quantity,
but as a process in a continual state of construction and
reorganization. Von Glasersfeld (1984) explains:
Radical constructivism, thus is radical because 
it breaks with convention and develops a theory of 
knowledge in which knowledge does not reflect an 
"objective" ontological reality but exclusively an 
ordering, an organization of a world constituted 
by our experience, (p. 24)
Knowledge is from this viewpoint not an objective, passive
copy of "reality," but is actively constructed out of our
experiences. Both Piaget and von Glasersfeld view this as
one of the fundamental distinctions between their theories
and a more traditional development.
In arguing for the idea that knowledge is essentially 
active, Piaget (1970) distinguishes between two aspects
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of thinking--figurative and operative. Piaget describes the
figurative aspect as involving imitation, perception, and
mental imagery. The operative aspect involves actions,
either physical or mental, which transform one state to
another. The difference between these two aspects is a
distinction between knowing that something is the case and
knowing how to do certain things (Lawson, 1982). According
to Piaget it is the operative (active), not the figurative
(passive), which is the most essential aspect of thought.
In attempting to make the distinction clearer, Piaget states 
/
that knowing an object means more than copying it (the fig- 
rative aspect). It means acting on it by being able to con­
struct systems of transformations that can be used on or 
with the object. Piaget summarizes the genetic epistemolog- 
ical view of knowledge as follows:
For the genetic epistemologist, knowledge results 
from continuous construetion, since in each act of 
understanding, some degree of invention is involved; 
in development, the passage from one stage to the next 
is always characterized by the formation of new struc­
tures which did not exist before, either in the exter­
nal world or the subject's mind. The central problem 
of genetic epistemology concerns the mechanism of this 
construction of novelties which creates the need for 
explanatory factors. (pp- 77-78)
Von Glasersfeld and Cobb (1983) in their discussion of 
knowledge as environmental fit, articulate the theory of 
radical constructivism and discuss how this theory attempts 
to answer the central problem of genetic epistemology as 
outlined above by Piaget. The fundamental problem separates 
into two questions. The first question asks how an individ­
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ual constructs the world in which he/she lives, copes, and 
communicates. The second question asks both how this con­
structive activity produces what is called knowledge and 
what relationship exists between this knowledge and reality. 
These questions differ only in their implied relationship 
between the knower and the known from the fundamental ques­
tions posed by philosophers for centuries and discussed pre­
viously .
In attempting to answer these questions, von Glasers­
feld and Cobb (1983) and von Glasersfeld (1983, 1984) out­
line a theory that views knowing as a constructive activity 
and knowledge as the product of an active, constructive 
mind. Knowledge is not material which the individual pas­
sively receives through the senses, but is, rather, struc­
tures of elements which originate as the individual actively 
coordinates, isolates, and relates his/her experiences. To 
know something does not imply, as it did traditionally, that 
the individual possesses a conceptual structure that matches 
something that is ontologically real. Rather, to know some­
thing, from a radical constructivist perspective, means that 
the individual possesses a conceptual structure that will 
fit a certain type of experience. Von Glasersfeld and Cobb 
(1983) present a useful analogy that helps to clarify this 
notion that knowledge fits reality:
From the radical constructivist perspective, knowledge 
fits reality in much the same way that a key fits a 
lock that is able to open. The fit describes a capa­
city of the key, not a property of the lock. When we 
face a novel problem, we are in much the same position
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as the burglar who wishes to enter a house. The "key" 
with which he successfully opens the door ight be a 
paper clip, a bobby pin, a credit card, or a skillfully 
crafted skeleton key. All that matters is that it fits 
within the constraints of the particular lock and allows 
the burglar to get in. Similarly, the problem-solver 
attempts to conceive a method that will successfully 
open a path to his or her goal. (p. 220)
This view of knowledge as environmental fit helps 
answer the two fundamental questions posed earlier. First, 
according to this perspective, the individual constructs a 
representation of the world by interacting with and organ­
izing his/her experiences. Further, this activity is, 
necessarily, goal-directed. The individual has preferences 
with respect to experience and thus will have the desire to 
repeat certain experiences and not to repeat others. This 
suggests that the products of conscious activity will always 
have a purpose and will, therefore, be judged according to 
how well they serve that purpose (von Glasersfeld, 1984).
Second, knowledge is the product of this constructive 
activity, this organization of experiences. Knowledge is 
considered good knowledge as long as it works, as long as it 
stands up to experience and allows the individual to make 
predictions and attain his/her goals (von Glasersfeld, 1984; 
von Glasersfeld & Cobb, 1983). Knowledge from a construc­
tivist perspective is judged by whether it fits with expe­
rience and how well it allows the individual to solve prob­
lems, not by whether it matches some ontological reality.
In their presentations of constructivism and genetic 
epistemology, von Glasersfeld and Piaget place the individ-
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ual at the center. They present theories of the nature and 
acquisition of knowledge from the perspective of the indiv­
idual. The conception of knowledge presented in these the­
ories has serious consequences for one particular environ­
ment and set of experiences, the teaching/learning environ­
ment. As von Glasersfeld (1984) writes, "...above all, this 
conception of knowledge requires a shift of emphasis from 
the student's 'correct' replication of what the teacher 
does, to the student's successful organization of his or her 
own experience" (p. 51). It is a shift in conceptualization 
from the learner as a passive recipient of knowledge to the 
learner as an active participant who is trying to make sense 
out of the information being presented by evaluating, con­
necting, and organizing the information relative to his/her 
prior experiences. A change or reorganization of an indiv­
idual's conceptual system is, potentially, the result of 
such a constructive learning process. Investigations of the 
nature of this change could give insights into an individ­
ual's conceptual systems and how the individual judges their 
adequacy. Researchers in the philosophy of science argue 
that how such changes occur in the individual is, in many 
ways, analogous to how they occur historically in a particu­
lar discipline of interest. The theory of conceptual change 




Theories of conceptual change (Kuhn, 1970; Toulmin, 
1972) have their origins in the philosophy of science. His­
torically, theories of knowledge which have evolved in this 
manner have had as a major premise the hypothesis that an 
understanding of the nature and acquisition of general know­
ledge can be gained from examining the historical growth of 
scientific knowledge. In the philosophy of science, as was 
the case in the development of constructivism, theories of 
knowledge evolve in an attempt to answer several fundamental 
questions. The first of these questions can be stated in 
general terms as follows: what sort of things do we know and 
how do we acquire that knowledge. A second, and what Toul­
min (1972) perceives as the more fundamental question, can 
be stated in the following terms: what is the basis of the 
intellectual authority upon which this knowledge is judged. 
Toulmin (1972), in his work Human Understanding, states:
From the philosophical point of view, this last prob­
lem is the crucial one: In what scales are our own 
concepts and judgements themselves to be weighed. The 
central issues of epistemic philosophy--justification 
and appraisal, judgement and criticism--have never been 
concerned with factual matters alone. The philosophical 
question in epistemics is, by contrast, the question 
from what sources our concepts ultimately derive this 
intellectual authority. (p. 10)
The questions outlined above served as the basis for
philosophic discussions concerning the ultimate source of
authority and rational judgement. Despite disagreements,
the majority of philosophers in the centuries preceding the
twentieth "...worked within the same, self-imposed general
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limitations. Whatever the ultimate source of rationality, 
all concerned assumed that its principles were--and must 
be— historically invariant" (Toulmin, 1972, p. 45). In 
other words, the ultimate authority in judging the ration­
ality of thought was a universal set of a priori principles. 
The problem which still confronts philosophers in the twen­
tieth century is one of how to develop such an impartial 
system of rational judgement in light of the conceptual and 
historical variety that exists. Two theories of knowledge, 
absolutism and relativism, encompass what has, till recent­
ly, been the dominant reactions to this problem. Several 
authors (Confrey, 1980, 1981; Kuhn, 1970; Strike & Posner, 
1977; Toulmin, 1972) have discussed these theories by focus­
ing on their respective portrayals of scientific knowledge, 
on their implications for the growth of general knowledge, 
and on what these authors believe to be each theory's funda­
mental inadequacies . Some of this work will be summarized 
in order to have a framework within which to view the theory 
of conceptual change.
Recall, from the section on constructivism, that abso­
lutism describes knowledge as an objective accumulation of 
facts. This view evolves from a portrayal of science as a 
linear, cumulative process. Knowledge is accumulated by 
collecting data and making subsequent generalizations (Con­
frey, 1981). From an absolutist's point of view, psycho­
logical and historical considerations need to be kept sep­
arate from philosophical ones. They view the evidence of
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cultural diversity as all the more reason for the establish­
ment of absolute, objective standards of rational judgement. 
Toulmin (1972) gives the following important summary state­
ment concerning absolutism:
...the actual "conceptions" current in any existing 
community are philosophically significant only as an 
approximation to the eternal system of ideal "con­
cepts." Philosophical questions about rationality, 
intellectual allegiance and authority arise only in 
terms of that ideal system of concepts; and any actu­
al, historical set of conceptions has a legitimate 
intellectual claim on us, only to the extent that it 
approximates to that ideal. (p. 56)
Philosophers and theorists who argue for an alternative 
viewpoint, describe several inadequacies of this theory of 
absolutism. First of all, absolutism takes its own applica­
bility for granted and therefore provides no means by which 
its appropriateness can be judged. Secondly, examples can 
be provided to illustrate that the development of science 
does not occur in a linear, cumulative fashion (Confrey, 
1980). Finally, what Toulmin (1972) refers to as its most 
fatal weakness is that it does not provide us with mecha­
nisms to make comparisons between different sets of concepts 
or conceptual systems. "Any attempt to judge conceptual 
novelties in science, or to make comparisons across the 
intellectual boundaries between rival theories, soon drives 
us beyond the range of purely formal analysis" (Toulmin, 
1972, p. 64).
The second dominant reaction to the problem of estab­
lishing an impartial standpoint for the rational judgement 
of differing conceptual systems is referred to as relativism
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(Toulmin, 1972). Philosophers who advocate relativism aban­
don the absolutists' call for a universal, objective stand­
point of rationality because it no longer seems tenable in 
light of the diversity of human ideas. They argue instead 
for standards which have only local, temporary, relative 
application. Their argument rests on the general premise 
that "how we think and what we understand depends entirely 
on the general presuppositions with which we are brought up" 
(Toulmin, 1972, p. 67). The absolutist philospher's search 
for an objective standard of reality which transcends all of 
human nature appears ridiculous to the relativist. The rel­
ativist perspective is that rationality is internal to a 
particular point of view (Strike & Posner, 1977). Histori­
cal evidence of the diversity of concepts and judgements was 
sufficient reason for the relativist to restrict rational 
comparisons to a particular historical and cultural context.
The relativist recognizes the diversity in conceptual 
systems between cultures and between historical periods and, 
therefore, unlike the absolutist, recognizes that these con­
ceptual systems change. The relativist hints that concep­
tual systems and standards of rationality change, but gives 
no thought to the processes and procedures by which one 
"turns into another" or how comparisons between them are to 
be made. Here, as with absolutism, when it comes down to 
explaining the rational considerations justifying the actual 
transitions from one set of basic concepts to its historical 
successor, neither theory presents the tools that are need­
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ed. The absolutist dismisses such historical questions as 
"merely empirical" and is interested only in "pure concepts" 
in their final form. The relativist recognizes its impor­
tance, but provides no way of answering it (Toulmin, 1972).
What Toulmin (1972) views as the problem with the theo­
ries of absolutism and relativism is that they "construe the 
demand for a universal impartial standpoint of rational 
judgement as calling for a system of objective or absolute 
standards of rational criticism" (p. 84). The theories 
differ, however, in the universality of that system of stan­
dards. The absolutist argues for a single logical system 
which transcends all knowledge; the relativist for a tem­
poral sequence of such systems which are contextually depen­
dent. Toulmin (1972) and others (Confrey, 1980; Kuhn, 1970; 
Strike & Posner, 1977) argue that neither of these view­
points is characteristic of the criteria for judging the 
rationality of a science. As Toulmin emphasizes, "the 
rationality of a science is embodied, not in the theoretical 
systems current in it at particular times, but in the pro­
cedures for discovery and conceptual change through time"
(p. 84). So in this sense, the theories of absolutism and
relativism do not adequately embody the rationality of a 
science. A more adequate theory is needed.
Toulmin (1972) describes what the characteristics of
such an adequate theory would be:
An adequate theory of conceptual change must answer 
the questions..."On what occasions, and by what 
processes and procedures, does one basic set of col-
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lective concepts--in science or elsewhere--come to 
displace another?" It must answer these questions in 
a way that explains, in one and the same set of terms, 
both why our ways of thinking in some fields remain 
effectively unchanged over long periods, and also why 
in other fields they sometimes change rapidly and dras­
tically. And it must answer them, finally, in a way 
that makes clear the respective roles, in this histori­
cal development, of "rational procedures" on one hand, 
and "causal processes" on the other. What we need, 
therefore, is an account of conceptual development which 
can accommodate changes of any profundity, but which 
explains gradual and drastic change alike as alternate 
outcomes of the same factors working together in differ­
ent ways. (p . 122)
Such a theory would explain both the variability and stabil­
ity in a given discipline and between disciplines. Toulmin 
(1972) has presented such a theory in his book Human Under- 
standing. His work recognizes that conceptual diversity 
exists and seeks to understand the growth of science by 
examining why certain scientific theories developed, "were 
accepted, and were later rejected" (Confrey, 1980, p.34). A 
conceptual change approach examines the historical growth 
and development of a concept or set of concepts in individ­
uals as well as societies. The rationality of a set of con­
cepts is judged by whether or not is solves the intellectual 
problems of the particular discipline involved. According 
to this theory, insights into the rationality behind the 
processes can be gained by examining conceptual changes.
Toulmin (1972) presents what he describes as an evolu­
tionary theory of conceptual change. This theory recognizes 
that concepts change, but emphasizes that they do not change 
toward some absolute ideal, as is argued by the relativists 
and absolutists; nor do they change irrationally. This evo­
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lutionary theory can be summarized as follows:
An evolutionary model of change allows us to evaluate 
any particular concptual change against an enduring 
background of rational standards and explanatory ideals. 
Conceptual change is not a matter of judging between 
comprehensive views but rather of judging concepts in 
relation to other concepts, with respect to their ade­
quacy in interpreting problems and fulfilling explan­
atory ideals. (Strike & Posner, 1977, p. Ill)
The evolutionary view of conceptual change argued for 
by Toulmin is committed to the hypothesis that "Darwin's 
populational theory of 'variation and natural selection' is 
one illustration of a more historical explanation and that 
this same pattern is applicable also, on appropriate condi­
tions, to historical entities and populations of other 
kinds" (Toulmin, 1972, p. 135). Under this model, changes 
in the intellectual environment affect the conditions under 
which concepts develop similar to the way changes in an 
organism's physical environment affect changes in the organ­
ism. Petrie (1976) argues that conceptual change is there­
fore best viewed as an adaptive process. To study this 
process means to investigate how various concepts develop, 
decay and are replaced by other concepts. To evaluate the 
adaptiveness of a conceptual scheme means to determine how 
well these conceptual schemes as a whole allow us to deal 
with the world (Petrie, 1976).
Summary
The value and relationship of the preceding sections on 
constructivism and conceptual change to the present study
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are summarized in the following statement by Soltis (1981): 
"The more adequate our grasp of what we understand as know­
ledge, the more we can consciously, responsibly, and morally 
play the educator" (p. 104). The major tenets of the theo­
ries of constructivism and conceptual change have thus been 
presented to serve both as a framework for building a model 
of understanding as it relates to school learning and as a 
framework within which research questions designed to ex­
plore this understanding can be posed and investigated. Be­
fore discussing understanding, the major themes of each of 
the aforementioned theories and their relationship to each 
other will be summarized.
The theories discussed in the preceding sections devel­
oped in an attempt to answer fundamental questions which 
have interested philosophers for centuries. Namely, what is 
knowledge, and on what basis is this knowledge judged. The 
theory of constructivism, investigated here through the 
writings of Piaget (1970) and von Olasersfeld (1983, 1984), 
and the theory of conceptual change discussed by Toulmin 
(1972), share a perception of knowledge as a process in a 
continual state of construction and reorganization. In 
developing their respective theories, the philosophers 
involved contrast them to a more traditional view of know­
ledge as static and the growth of knowledge as a linear, 
cumulative process whose goal is an absolute truth. Both 
claim that this latter view of knowledge is not supported by 
experience and cannot account for the historical and con­
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ceptual diversity that exists.
Piaget (1970) and von Glasersfeld (1983, 1984) inves­
tigate the questions from an individual's perspective. The 
individual constructs a representation of the world by in­
teracting with it and organizing his/her experiences. Know­
ledge is the product of this constructive activity and know­
ledge is judged by whether or not it fits experience and 
allows the individual to solve problems.
Toulmin (1972) states the theory of conceptual change 
in much more collective terms although the basic premises 
are similar. The theory of conceptual change focuses on the 
process of development of a concept. A conceptual change 
approach proposes answers to the fundamental philosophic 
questions by examining the collective growth and development 
of a concept or a set of concepts. Toulmin views the his­
tory of a discipline in terms of a hierarchy of problems, 
and the rationality of a theory is judged by whether it 
solves problems generated by its conceptual context or by 
its predecessors.
Enough similarities exist, therefore, to suggest that 
constructivism could be viewed as a theory of conceptual 
change from an individualistic perspective. But the explo- 
ation of such a suggestion is not the intent here. It is, 
however, important that two theories exist--one collective 
and one individualistic--which have similar viewpoints on 
the growth and nature of knowledge. Toulmin (1972) ex­
pressed it in this way:
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. . . we acquire our grasp of language and conceptual 
thought then, in the course of education and develop­
ment; and the particular sets of concepts we pick up 
reflect forms of life and thought, understanding and 
expression in our society. (p. 38)
It is to this acquisition in the course of education that
the discussion now turns in an effort to make a connection
between the above theories, classroom practice, and the
research questions of the present study.
Perspectives on Learning and Understanding
Herscovics and Bergeron (1983) state that " 'under­
standing' cannot be dissociated from 'thinking,' 'knowledge' 
and 'learning,' for understanding is the product of thinking 
which does not operate in a vacuum but on knowledge acquired 
through prior learning" (p. 75). Although the authors made 
the statement to illustrate the difficulty of obtaining a 
precise meaning of the term understanding, the relationships 
illustrated are crucial to the theoretical framework of the 
present study. The general outline of that framework is 
that hypotheses concerning the nature and acquisition of 
knowledge naturally imply a certain perspective of the 
learning process and the learner's role in that process. 
These perspectives then serve as the foundation for the 
development of models of understanding which can serve as 
the basis for posing and investigating pedagogical ques­
tions .
In the previous sections of this chapter, theories con-
33
cerning the nature of knowledge were examined. Several 
authors (Confrey, 1980; Strike & Posner, 1985; von Glasers- 
feld, 1983) have argued that students are unlike scientists 
in that the knowledge the student deals with is already pub­
licly known. Therefore, it is necessary to start building 
connections between the theoretical analysis of knowledge 
and the teaching/learning process by examining the implied 
perspectives for learning and understanding.
Learning
Two theories of knowledge, one collective (conceptual 
change) and one individualistic (constructivism), were dis­
cussed previously in this chapter. A review of the litera­
ture suggests that researchers and theorists in the respec­
tive areas of conceptual change and constructivism share a 
common perspective of the learning process. It is important 
to examine this perspective before discussing what it means 
"to understand."
Strike and Posner (1985), researchers in the area of 
conceptual change, state that learning is best thought of 
as a process of inquiry. They propose that learning is a 
process in which the individual relates what he/she has 
encountered to his/her current ideas. The ability to learn, 
and what the student learns, depends on the conceptions 
which he/she brings to the experience. A student in this 
learning process is an active participant who must make 
judgements based on prior experiences and available evidence
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(Strike & Posner; 1982). Strike and Posner (1985) suggest 
that "to learn an idea any other way is to acquire a piece 
of verbal behavior which only emits to a stimulus, rather 
than to understand an idea which one can employ in an intel­
lectually productive way" (p. 212). Important questions to 
be examined from this perspective are the ways in which 
learners incorporate new conceptions into their existing 
structures and the ways in which they replace conceptions 
which are no longer functional (Strike & Posner, 1983).
Research based on the theory of knowledge referred to 
as constructivism shares this perspective. Learning in­
volves evaluating, connecting, and organizing information 
relative to prior experiences. The basis of all learning is 
the student's own activity. Important questions from this 
perspective focus on what types of experiences enable the 
individual to consider, contemplate, construct, and expand 
his/her meanings (Pope & Gilbert, 1981).
In the literature, the processes of assimilation and 
accommodation are frequently associated with the above per­
spective of the learning process. Strike & Posner (1982) 
posit that assimilation and accommodation may be viewed as 
two phases of conceptual change in learning. The first 
phase, assimilation, is one in which the learner uses exist­
ing concepts to deal with new phenomena. The second phase, 
accommodation, occurs when the learner's current concepts do 
not allow him/her to adequately deal with the new phenomena. 
In this phase a replacement and/or reorganization of the
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learner's central concepts occurs. Strike and Posner empha­
size that even in a major reorganization, it is rare that 
all central concepts held by the individual will be re­
laced. Strike and Posner (1985) argue that the difference 
between the two processes of accommodation and assimilation 
is one of degree. Both processes may require a reorganiza­
tion of an individual's conceptual structure, with accommo­
dation requiring a more large-scale conceptual change than 
assimilation.
The constructivist perspective of the processes of 
assimilation and accommodation is similar to that presented 
above. Skemp (1971) describes the processes in relation to 
the adaptability of a schema. He describes a schema as the 
most effective organization of existing knowledge. Effec­
tiveness is measured in terms of the schema's ability to 
solve problems and acquire new knowledge. Assimilation is 
described as the process whereby the incoming data is struc­
tured to fit the existing schema. In some cases, however, 
the schemata are not adequate and the structure of the 
schema itself must be changed and adapted. Skemp refers to 
this latter process as accommodation stating, in a similar 
manner to Strike and Posner (1982), that a certain degree of 
accommodation is present in assimilation. That is, after 
the assimilation of new data, the schema will not be exactly 
the same as before. However, he reserves the use of accom­
modation for major structural changes in the schema itself.
The perspective of learning outlined here is one where
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the learner is stimulated "to construct new and better 
understandings of scientific phenomena by assimilating new 
concepts to old frameworks or accommodating new frameworks 
from old ones" (Wittrock, 1985, p. 260). This, as von 
Glasersfeld (1983) and others (Confrey, 1980; Herscovics & 
Bergeron, 1983; West & Pines, 1985) emphasize, requires a 
reconceptualization of the teaching/learning process. As 
was previously stated, it requires a shift of emphasis from 
the learner's "correct" replication of what the teacher 
does, to a facilitating of meaning and understanding by 
helping the learner to relate new information and conceptu­
alizations to old. Before exploring what characteristics 
various authors in the areas of conceptual change and con­
structivism have hypothesized as most important in the 
teaching/learning process, the concept of understanding will 
be investigated.
Unders tanding
Two components of the theoretical framework of the 
present study have been discussed: the nature of knowledge 
and its implication for the process of learning. The third 
component is a view of understanding. Herscovics and Ber­
geron (1983) state that historically there has been diffi­
culty in arriving at a universally acceptable definition for 
the concept of understanding, just as mathematicians have 
had difficulty agreeing on the nature of mathematics. They 
further point out that this lack of agreement on the nature
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of mathematics has not prevented mathematics from growing.
A similar argument can be made in the case of understanding. 
The following discussion of understanding from a conceptual 
change and constructivist perspective is presented not as a 
universal definition, but as a framework in which to discuss 
student errors and misconceptions.
The constructivist and conceptual change perspectives 
presented in the preceding sections argue that "knowledge is 
not frozen" (Michener, 1978, p. 371). This argument sug­
gests that although knowledge may appear similar for long 
stretches of one's intellectual time, it is not static.
Such a perspective of knowledge necessitates a view of 
understanding as an active process. Michener (1978) states 
that one cannot passively sit and wait for understanding to 
happen if one wants to discover what makes a particular item 
or theory work. Michener presents the following descrip­
tion :
When a mathematician says he[she] understands a mathe­
matical theory, he[she] possesses much more knowledge 
than that which concerns the deductive aspects of the­
orems and proofs. He[she] knows about examples and 
heuristics and how they are related. He[she] has a 
sense of what to use and when to use it, and what is 
worth remembering. He[she] has an intuitive feel for 
the subject, how it hangs together, how it relates to 
other theories. He[she] knows how not to be swamped 
by details, but also to reference them when he[she] 
needs them. (p. 361)
Michener proposes that this description identifies what it
means to understand. In more general terms, she states that
a deep sense of understanding is achieved by establishing
connections at a variety of levels. Skemp (1971) echoes
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this general statement when he states that "to understand 
something means to assimilate it into an appropriate schema" 
(p. 46).
Several researchers (Bruner, 1960; Byers & Herscovics, 
1977; Herscovics & Bergeron, 1983; Polya, 1962; Skemp, 1979; 
Strike & Posner, 1985) have proposed models or levels of un­
derstanding. Skemp (1979) in his article, "Goals of Learn­
ing and Quality of Understanding," presents a summary of 
this discussion and his own model for understanding. Skemp's 
model includes three modes of understanding:
Instrumental understanding is evidenced by the ability 
to apply an appropriate remembered rule to the solution 
of a problem without knowing why the rule works.
Relational understanding is evidenced by the ability 
to deduce specific rules or procedures from more general 
mathematical relationships.
Formal understanding is evidenced by the ability to 
connect mathematical symbolism and notation with rele­
vant mathematical ideas into claims of logical reason­
ing. (p. 45)
Skemp's model also includes two modes of mental activ­
ity: intuitive and reflective. It is the latter type of 
activity, reflective intelligence, that is of concern in the 
present study and will be discussed in further detail in the 
section on reflection.
Skemp's modes of understanding can be thought of as 
cognitive objectives of instruction. The conceptual change 
and constructivist perspectives on learning argue for the 
development of interventions that will enable the teacher to 
guide the student in the construction of new concepts and
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the attainment of these objectives. Before examining impli­
cations for teaching, the notions of student errors and mis­
conceptions, from the perspective of knowledge, learning, 
and understanding presented in the preceding sections, will 
be presented.
Student Errors and Misconceptions in a 
Constructive Learning Process
It is an empirical fact that students make errors in 
solving mathematical problems. A portion of the present 
study is devoted to an analysis of the errors made by stu­
dents in first semester calculus. A framework which des­
cribes the nature of the errors needs to be established 
before such an analysis can be undertaken. The theories of 
constructivism and conceptual change provide perspectives 
which serve as the basis for this framework, and they will 
be examined in this section.
Confrey (1980) states that "if one accepts the assump­
tion that a student ought to possess rational reasons for 
believing something, then investigating the processes of 
comprehension and justification to reveal this rationality 
has the potential to be productive" (p. 28). This statement 
brings to the fore one of the major components of the per­
spectives of learning argued for by theorists in the areas 
of conceptual change and constructivism. Learning is a 
rational activity in which the learner possesses reasons for 
the concepts and/or beliefs he/she has constructed. When the
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learner is presented with new information, he/she attempts 
to make sense out of that information by organizing, evalu­
ating, interpreting, and making connections between it and 
his/her prior experience. Now, it is unrealistic to expect 
that the learner will always be successful in this process. 
Thus, errors occur as the result of reasonable but unsuc­
cessful attempts to adapt prior knowledge to a new situation 
(Matz, 1982). Errors from this perspective are rarely cap­
ricious or random. The claim is that the majority of errors 
made by students in solving mathematical problems appear to 
be systematic and the result of definite processes which are 
considered rational by the students who possess them. As 
such, they can serve as sources of valuable insights into 
student difficulties (Ginsburg, 1977; Matz, 1982).
Matz (1982), in her development of a process model for 
analyzing high school algebra errors, was struck by the uni­
formity of both the correct and the incorrect answers given 
by high school students. She supports the above view of 
errors as reasonable and the result of the student making 
inappropriate connections. Matz proposes that the problem 
solving process has two components: a set of base rules and 
a set of extrapolation techniques. The extrapolation tech­
niques assist the individual in making the connections that 
allow him/her either to view an unfamiliar problem as a 
familiar one, or to revise a known rule so it is applicable 
to a new problem. Matz claims that errors commonly occur 
when either the student inappropriately uses a known rule
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in a new situation or incorrectly adapts the known rule to a 
new problem. The errors that result are viewed as rational 
because the techniques are valid, but the student possesses 
a misguided belief as to when the techniques apply. The 
results of her analysis and her categorization will be dis­
cussed in the next chapter (Matz, 1982).
A related issue to that of student errors is that of
student misconceptions. Although other terms such as pre­
conceptions, alternative frameworks, alternative concep­
tions, and children's science have been used, the underlying 
principle suggested by these terms is the same. The terms 
are used to suggest an internalization and associated mean­
ing of a concept which is at variance with the "accepted" 
view (Nussbaum & Novick, 1982). Fisher's (Novick, 1983) 
review of the literature in this area illuminates three key 
ideas: "1) 'misconceptions' are ideas at variance with 
accepted views, 2) many students hold the same 'misconcep­
tions,' and 3) 'misconceptions' are obstinately resistant 
to change" (p. 2) These ideas have been elaborated by Strike
(1983) and Confrey and Lipton (1985).
Strike (1983) argues that epistemological views are the 
foundation of views of learning and that therefore any view 
of misconceptions has the same epistemological foundation. 
Recall from previous discussions that Strike supports a con­
ceptual change foundation in science learning. In discuss­
ing misconceptions from this perspective, he describes mis­
conceptions as emerging from the interaction between expe-
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rience and other conceptions that the student possesses.
Misconceptions present crucial problems for teaching and
leaning because they become part of the student's overall
cognitive framework. As such, they are used for judging
and understanding other concepts. From the student's point
of view, these misconceptions fit into his/her conceptual
framework and therefore cannot be easily written over.
Strike summarizes his thoughts as follows:
I would suggest that a misconception should be 
regarded as an assumption that is structurally 
important in the student's belief system. It is 
something that generates mistakes. It is a piece 
of the student's conceptual ecology that serves 
to select or reject ideas or to render them more 
or less intelligible. (Strike, 1983, p. 73)
Confrey and Lipton (1985) state that a misconception is 
a system of beliefs which forms a relatively stable cogni­
tive system. According to these authors, past research 
in the area of misconceptions and student errors has been 
conducted on the premise that the observed predictability 
and resiliency of errors is attributable to deep-seated 
misconceptions. In this research, the term error was used 
almost synonymously with that of misconception. Confrey and 
Lipton argue for a different perspective, a distinction be­
tween what they refer to as systematic errors and misconcep­
tions. The major distinction made between these two concepts 
is one of degree. Misconceptions imply a greater internal 
consistency and commitment. The authors describe the char­
acteristics as fo+lows: "misconceptions must have a power­
ful underlying conceptual and psychological dimension; they
A3
must aid a student in making sense of some phenomena and 
must include an effective constructive process as part of 
problem solving behavior" (Confrey & Lipton, 1985, p. 42).
Systematic errors are viewed under this perspective in 
a similar fashion to what was described earlier by Matz 
(1982). According to Confrey and Lipton (1985), systematic 
errors include the systematic, inappropriate application of 
familiar algorithms and definitions with a minimal attempt 
at integrating them into an existing framework. Systematic 
errors are indications of weak constructive processes. Char­
acteristics of such processes are a difficulty in expressing 
and organizing ideas, and a lack of commitment to them (Con­
frey & Lipton, 1985). Confrey and Lipton claim that the 
majority of errors are more appropriately regarded as sys­
tematic errors, not misconceptions. It could be hypothe­
sized that this would particularly be the case when the stu­
dent is solving routine mathematical tasks. Confrey and 
Lipton (1985) argue that without a personal commitment to a 
response, students often discount their own errors, rather 
than learning from them.
Research studies have been conducted to analyze student 
errors and to explore student misconceptions. The results 
of these studies are relevant to the design of the present 
study and will be summarized in the next chapter. First, it 
is necessary to continue the development of the theoretical 




A primary aim of the constructive teaching/learning pro­
cess is the confrontation and reflection by the student on 
his/her own conceptual framework. Skemp (1971) views reflec­
tion as one of the most important components of the learning 
process. He defines reflection as "the ability to make 
one's own concepts and mental processes the object of con­
scious attention, perhaps to describe them, perhaps also 
consciously and deliberately to change them" (Skemp, 1979, 
p. 48). This definition is similar to that given by others. 
In particular, von Glasersfeld (1983) defines reflection as 
the ability of the mind to observe its own operations. Kil­
patrick (1985), in his general discussion of the processes 
of reflection and recursion, states that when applied to 
cognition these terms are methods of becoming conscious of 
and gaining control over concepts and procedures.
Recently, researchers in the area of mathematical prob­
lem solving have used the term metacognition to describe a 
similar process. Metacognition is knowledge about and con­
trol over one's cognitive processes (Kilpatrick, 1985). It 
encompasses two related aspects, the knowledge and beliefs 
about cognitive phenomena, and the regulation and control of 
cognitive actions. Flavell (1979), in his original discus­
sion of this process, suggests that the monitoring of a wide 
variety of cognitive processes occurs through the action and 
interaction of four classes of phenomena: metacognitive
45
knowledge, metacognitive experience, tasks, and strategies. 
Metacognitive knowledge refers to the beliefs an individual 
possesses about himself/herelf and others as cognitive 
beings; metacognitive experience refers to any conscious 
cognitive or affective experience that accompanies any 
intellectual activity; the task phenomena is the conscious 
knowledge of the objectives of the task; and strategies 
refers to a knowledge of specific strategies, as well as an 
awareness of their usefulness and applicability to certain 
tasks. The regulation of these phenomena would require 
selecting strategies, monitoring their their execution, 
evaluating the outcomes, and revising or abandoning non­
productive strategies and plans.
Recall from the discussion on understanding that Skemp 
(1979) proposed a model which contained three modes of 
understanding--instrumental, relational, and formal--and 
two types of mental activity--intuitive and reflective.
From this perspective, reflective intelligence is not argued 
to be a different mode of understanding, but could occur in 
combination with all three modes of understanding. A simi­
lar statement can be made about intuitive intelligence.
Skemp describes intuitive intelligence as the process by 
which input from the environment is directly assimilated 
into an appropriate schema. It refers to spontaneous activ­
ity conducted without conscious awareness on the part of the 
individual. Skemp's discussion of the interrelationships 
among the modes of understanding and the mental activities
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of intuitive and reflective intelligence suggests that 
reflection could be of value in a variety of learnin situ­
ations. Skemp provides examples of how reflective intelli­
gence interacts with each of the levels of understanding in 
his model. His strong belief in the importance of reflec- 
ction for the learning process causes him to suggest that 
not until we are able to reflect on our existing schemata 
can important further steps be taken. These further steps 
involve the ability to communicate the schemata, the ability 
to replace old schemata with new ones, and the ability to 
correct errors in existing schemata.
Von Glasersfeld (1983), in his talk entitled "Learning 
as Constructive Activity," also emphasizes the importance 
of reflection in the teaching/learning process. He suggests 
that the ability we refer to as "competence" actually has 
two parts: one is the student's ability to carry out certain 
activities and the other is the ability to monitor these 
activities. According to von Glasersfeld, being able to do 
something is not enough; one must also know what one is 
doing and why it is right before he/she can be considered 
competent. Kilpatrick (1985) suggests that the student's 
lack of ability to carry out mathematical procedures, the 
first part of von Glasersfeld's "competence," may be attrib­
utable to the student's inability to reflect. That is, the 
student is unable to recognize when a specific procedure is 
appropriate, and also lacks the ability to monitor what he/ 
she is doing as he/she carries it out.
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Kilpatrick (1985) suggests that opportunity alone is 
not enough for most students to develop the processes of 
reflection and metacognition defined here; they will need 
encouragement and, in some cases, explicit instruction. He 
further suggests that improvement is dependent on the stu­
dents and teachers experiencing a need to turn their cogni­
tions back on themselves. Von Glasersfeld (1983) states 
that teachers must find ways of fostering operative aware­
ness in their students. According to von Glasersfeld, the 
only way that required concepts can be abstracted is through 
the student's reflective awareness of his/her mental opera­
tions. Von Glasersfeld claims that as long as "rightness" 
is assessed by someone else, there can be no powerful cogni­
tive satisfaction. The real source of satisfaction for the 
individual is "rightness" in terms of a fit with an order 
he/she has established within himself/herself.
The present study seeks to investigate a learning envi­
ronment which fosters student self-awareness of their solu­
tion processes and mathematical errors. The preceding state­
ments by Kilpatrick (1985) and von Glasersfeld (1983) sug­
gest that instructional strategies, which explicitly foster 
the desired reflection, will need to be developed in any 
such investigation. Several important characteristics of a 
constructivist learning environment have been proposed by 
researchers who share a constructivist philosophy and argue 
for the importance of reflection. An overview of these 
characteristics is presented in the next section. Collec­
tively, they had a direct influence on the development of 
instructional strategies implemented in the present study.
Characteristics of a Constructive Learning Environment 
The epistemological arguments presented in the first 
sections of this chapter have led to a perspective that 
learning is a constructive activity and that knowledge is 
not transferable, but is a product of the learner's organi­
zation of his/her experience. The role of the teacher and 
curricula in this process is to provide experiences which 
enable the learner to consider, contemplate, construct, and 
expand his/her meanings (Pope & Gilbert, 1981). Several 
researchers (Confrey, 1984, 1985; Fisher & Lipson, 1983; 
Nussbaum & Novick, 1982; von Glasersfeld, 1983) have pro­
posed lists of what they believe to be important character­
istics of a learning environment developed from this per­
spective .
Confrey (1984) proposes the following goal for instruc
tion which will be helpful in organizing the discussion:
An instructor should develop within as many individ­
uals within his/her class a repertoire of powerful 
mathematical constructions for posing, exploring, 
and solving mathematical problems and for justify­
ing those solutions to the class. (p. 4)
Confrey (1984) presents a framework of instruction from a
constructivist perspective aimed at accomplishing this goal
She argues that what needs to be created are classrooms in
which knowledge is not simply transmitted, but constructed.
According to Confrey this construction takes place through
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the promotion of three activities: reflection, interpreta­
tion/communication, and effectiveuse of resources. Reflec­
tion is viewed as a self-regulation process which allows the 
individual to organize, predict, and control his/her experi­
ences. Confrey describes interpretation as the constructiv­
ist's definition of communication. It is the process by 
which an individual "constructs meaning for another person's 
statements or actions" (p. 2). It is assumed that the inter­
preting individual holds the assumption that the communica­
ting individual is also actively constructing his/her know­
ledge. The third activity, effective use of resources, 
involves the creation of situations which promote reflec­
tion. Confrey argues that this can be accomplished through 
the proper structuring of classroom and problem situations, 
as well as by providing models of reflective processes. 
Effective use of resources in promoting reflective activity 
can be summarized as follows:
. . . essential in promotion of reflection is testing
construction through public justification, and recog­
nizing the power of others as resources of knowledge 
and as providing external examples of effective and 
ineffective constructions. (Confrey, 1985, p. 9)
Nussbaum and Novick (1982), in their work with student 
alternative frameworks in science learning, describe the 
process of accommodation from a conceptual change perspec­
tive. They state that accommodation is used to denote what 
happens in the mind of the individual as he/she modifies 
his/her preconceptions to reach an agreement with accepted 
scientific conceptions. They propose that accommodation
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first necessitates a recognition of both a problem and the 
inapplicability of existing conceptions tosolve it. Nuss- 
baum and Novick suggest that an individual's awareness of 
his/her assumptions is a prerequisite to sensing an anomaly. 
Students must be made aware of their own preconceptions in 
order to notice inconsistencies. The authors propose an 
instructional strategy based on an "exposing event" to 
induce students to reflect on their preconceptions and to 
take a more active role in the learning process.
Fisher and Lipson (1983), in their discussion of infor­
mation processing interpretations of error research, des­
cribe characteristics of a learning environment designed to 
promote the learner's establishment of meaningful connec­
tions between new ideas and what he/she already knows. These 
characteristics include presenting problems which help ex­
pose common student error, presenting alternative ways of 
thinking, giving students opportunities to test alternative 
models, providing situations which help students make their 
implicit knowledge explicit, and promoting conscious examin­
ation of mental mechanisms. Fisher and Lipson argue that 
effective instruction encourages students to discover and 
reveal their errors.
Recall that Skemp (1971, 1979) views the process of re­
flection as vital to the learning process. Although he has 
not investigated the extent to which the rate of development 
of the process of reflection could be affected by teaching, 
Skemp suggests that any activity which requires a learner to
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formulate his/her ideas explicitly and to justify them would 
exercise and develop this ability to reflect on one's own 
schemata. Skemp would recommend any activities which 
involve linking ideas with symbols, interactions with an 
individual's ideas and the ideas of other, and discussions 
which require the clarification and justification of ideas. 
Skemp (1979) emphasizes that the communication involved in 
the aforementioned interactions, clarifications, and justi­
fications is a very important part of the reflective pro­
cess. He states that consciousness of one's own frameworks 
is not always easy to achieve, but that the process of com­
munication requires one to think aloud and can therefore 
help to heighten the desired consciousness.
Four discussions of characteristics of a constructive 
learning environment have been presented. Their common, 
underlying feature is the call for a learning environment 
which promotes students' awareness of their errors and 
solution processes. This self-awareness is usually re­
ferred to as reflection, and it plays a major role in the 
present study. The specific results of studies designed to 
investigate instructional strategies promoting the charac­
teristics presented in this section will be discussed in the 
next chapter. Before examining the empirical work, the the­
oretical framework which has been presented here, and upon 




Various components of the theoretical framework for the 
present study have been discussed in this chapter. As evi­
denced by the preceding sections, this framework consists of 
several interrelated and connected components. At its base 
are two complementary theories of knowledge: constructivism 
and conceptual change. This base consists of the following 
tenets derived from the respective theories: knowledge is 
the product of an active, constructive mind; the acquisition 
of knowledge is a rational activity; rationality is judged 
by the ability of the knowledge to solve problems; and to 
understand what a concept is, one must understand how it 
develops. These tenets concerning the nature of knowledge 
imply a perspective of the learning process and the learn­
er's role in that process which differs considerably from a 
more traditional view of the learner as a passive recipient 
of information. The perspective based on the foundations 
of constructivism and conceptual change is one of the 
learner actively coordinating, isolating, and relating new 
experiences to old. The learner constructs a representation 
of the world by interacting with and organizing his/her 
exper iences.
The next logical component of this framework is what it 
means to understand. The description of understanding pre­
sented in this chapter reflects the above tenets of the the­
ories of knowledge and understanding. Understanding is
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described as an active process. A model of understanding, 
proposed by Skemp (1979), was presented in an attempt to 
characterize an individual's understanding, problem solving 
ability, and level of concept formation. An important mode 
of understanding is characterized by the ability to make 
successful connections and to organize new experiences on 
the basis of prior experiences.
Within this framework of knowledge, learning, and 
understanding, errors are viewed as resulting from an unsuc­
cessful attempt to adapt prior knowledge to a new situation. 
The majority of errors are not capricious, but rational and 
the result of systematic processes. A distinction involving 
level of commitment is made between systematic errors and 
misconceptions.
Finally, the process of reflection was defined as the 
activity whereby an individual becomes aware of and gains 
control over concepts and procedures. The framework pre­
sented in this chapter suggests that classroom situations 
designed to encourage reflective activity must involve the 
active participation of both the teacher and the students. 
Reflection is a process of communication in which the 
teacher is forming a model of how the student is viewing the 
problem at the same time the student is becoming more aware 
of what he/she is thinking and the connections he/she is 
making. From this perspective the process of reflection 
can play a major role in helping the teacher to investigate 
the level of conceptual commitment while at the same time
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helping the student to construct more appropriate and 
useful conceptions.
It is within this general framework that te present 
study investigates a specific content area and classroom 
environment, first semester calculus learning. The exper­
imental design developed, within this context, to investi­
gate the research goals and questions outlined in Chapter I 
will be presented in Chapter IV. A review of the empirical 
literature in the areas of student errors, misconceptions, 
and reflection which has had an influence on the design and 




A theoretical framework for the present study, having 
its roots in the theories of constructivism and conceptual 
change, was established in the preceding chapter. The 
framework suggests several questions concerning the effects 
of a program designed to promote reflection on student 
errors and processes. Any investigation of these hypotheses 
should not occur in a vacuum, but should have a relationship 
to previously conducted research. A review of the research 
related to the present study will be presented in this chap­
ter. This empirical literature involves a variety of areas: 
error analysis, student understanding, student alternative 
frameworks, instructional strategies, processes of reflec­
tion and metacognition, sex differences, college differ­
ences, and calculus learning. The significance of the spe­
cific studies for the present investigation lies not only 
in their conclusions and consequent suggestions for future 
research, but also in the various methodologies which the 
studies employed. The review of the literature presented 
here will focus on results and methodologies in the various 
areas, beginning with error analysis.
Error Analysis 
A large portion of the research in the area of error
56
analysis concerns itself with the content areas of arith­
metic and algebra. A smaller portion of the studies concern 
themselves with postsecondary mathematics. The research at 
both levels, precollege and postsecondary, can be classified 
into two groups. The first group of studies has as its 
primary focus a description or classification of specific 
student errors. The second group focuses on investigating 
the relationship between errors and such individual and 
group characteristics as sex, giftedness, and problem solv­
ing aptitude. Studies in each group can be further subdiv­
ided around several common themes. A discussion of the 
major studies in each of these areas will be presented in 
the following sections.
Error Classification
Several researchers have developed error classification 
schemes which contain categories describing the errors that 
occur while students are completing a variety of mathemati­
cal tasks. The existing studies, themselves, can be grouped 
in several ways: by the content area investigated— arithme­
tic, algebra, precalculus, calculus; by the age level of the 
subjects involved— elementary, secondary, college; or by the 
type of information reflected in the category descriptions. 
The latter grouping makes a distinction between categories 
stated in general terms and those which reflect the termin­
ology of a specific content or skill. It is this latter 
grouping, general versus specific information, which has
been employed in this section. For the most part, the 
schemes describe systematic errors (Confrey & Lipton, 1985) 
made by students as they are completing mathematical tasks. 
Although several of the authors (Pippig, 1975; Radatz, 1979 
Vinner et al., 1981) allude to the fact that errors can be 
helpful in gaining insights into possible student misconcep 
tions, they do not deal with them explicitly in their dis­
cussions. Empirical research on misconceptions did have an 
influence on the present study and will be presented later 
in this chapter.
Schemes reflecting general processes. The majority of 
existing studies in this group describe student errors in 
general terms. Some of these schemes arise from the inves­
tigation of the problem solving process (Newman, 1977; Wat­
son, 1980). Others appear to be based on an examination of 
more specific tasks (Donaldson, 1963; Pippig, 1975; Radatz, 
1979; Vinner et al., 1981). Although these schemes have 
been developed within a specific content area, e.g., arith­
metic, the given category descriptions are not tied to any 
particular task within that content area, e.g., addition of 
fractions. The error categories, instead, are described in 
general enough terms to be potentially applicable to situa­
tions other than the one which was investigated. In most 
cases the development of the classification scheme is fol­
lowed by a frequency analysis of error type for some popu­
lation of students.
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The Newman error hierarchy (Newman, 1977) outlines five 
stages in the problem solving process which reflect where 
potential errors can occur. The five stages are: reading, 
(can the student read the question); comprehension, (does 
the student understand the question); transformation, (can 
the student select the mathematical processes necessary to 
obtain a solution to the problem); process skill, (can the 
student perform the required mathematical processes); and 
encoding, (can the student express the answer in an accep­
table form). Newman proposed that this scheme met the need 
for the development of a scheme that was not content or 
skill specific and therefore able to describe a wider vari­
ety of errors. The scheme was used by Newman to analyze the 
errors made by low-achieving students in completing written 
mathematical tasks. The analysis consisted of investigat­
ing the initial errors made by the students on their first 
attempt at the task. The technique used in the analysis was 
a diagnosing interview which was designed to simulate the 
student's first attempt at the task. The 124 low-achieving 
sixth-graders made 3002 errors in completing the 40 question 
"Mathematical Tasks" test. The interviews revealed that 
most of the errors, twenty-six percent, occurred at the pro­
cess skill stage. Newman states that the results of this 
study indicate that there can be more than one reason for 
student difficulties and it is therefore not enough to know 
simply that a student cannot solve a given problem. He 
states that the typical reason given for student difficul­
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ties in problem solving is a lack of the necessary mathema­
tical knowledge and/or skills. However, it does not seem 
that the results of Newman's study do not support this con­
clusion. His results indicate that a large portion of the 
errors, thirty-five percent, occur before the student has 
arrived at the stage in the problem solving process that 
requires application of appropriate mathematical knowledge 
and skills. Watson (1980) designed a study similar to New­
man's to investigate whether or not students at other grade 
levels exhibit the same pattern of errors. Watson's sub­
jects were 30 students in their third year of school. He 
found that the majority of errors at this grade level 
occurred at the stages of reading and comprehension.
Radatz (1979) outlines an information-processing clas­
sification of errors obtained by examining student errors in 
completing arithmetic calculations. The following is a sum­
mary of his error categories:
errors due to language difficulties: misunderstanding 
of semantics, confusion with word usage in natural 
language
errors due to difficulties in obtaining spatial informa­
tion : difficulties with way problem was presented; hypo­
thesis is that student would not have same difficulty if 
problem were presented in a different format
errors due to deficient mastery of prerequisite skills, 
facts and concepts: ignorance of algorithms, inadequate 
mastery of basic facts
errors due to incorrect associations or rigidity of 
thinking: similar problems lead to rigidity of thinking, 
solution process persists
errors due to application of irrelevant rules or strate­
gies : student develops a strategy that works in some
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situations but not in others.
Radatz's investigation of possible causes of student errors 
led him to suggest that errors are a result of definite pro­
cesses whose nature must be discovered. According to 
Radatz, such an analysis could serve as the point of depar­
ture for investigations into the processes by which students 
learn mathematics.
Radatz's category of errors due to incorrect associa­
tions or rigidity of thinking was based on a previously 
developed classification by Pippig (1975). Pippig suggests 
that errors in this category are characterized by conscious­
ly possessed material being stubbornly retained in view of 
newly-introduced material. He subdivides this category 
into several smaller categories such as errors of preserva­
tion and errors of association. Pippig describes errors of 
preservation as a persistence of operations or relations 
which were present at the start or end of a previous section 
of material. For example, the following error, 63000 4- 3 = 
12, occurs, according to Pippig, because the technique of 
multiplying has persisted in this division problem. The 
student has proceded from right to left, instead of from 
left to right, obtaining: 0 4- 3  = 0, 34-3 = 1, 64-3 = 2. 
Errors of association occur, according to Pippig, because of 
the variety of connections made between numbers during the 
mathematical process. Pippig suggests that these connec­
tions are particularly strong in the multiplication table 
which causes students to reply to a specific multiplica­
tion problem with an answer which may be adjacent to it in 
the multiplication table, e.g., 3 x 9 =  36. In drawing 
conclusions from his analysis, Pippig suggests that one of 
the most important activities to include in the teaching 
process is a clear demonstration of the difference between 
newly introduced procedures and the old, more familiar 
ones .
Another classification scheme which deals with the spe 
cific content of addition of fractions within the more gen­
eral content area of arithmetic was proposed by Vinner et 
al. (1981). The purpose of their research study was to sug 
gest reasons for the errors which were more specific and at 
the same time demonstrated some general principles of cogni 
tive processes. Vinner et al. first developed a written 
questionnaire of mathematical tasks which was distributed 
to 494 Israeli students. Incorrect responses were then 
analyzed and hypotheses were generated as to the possible 
strategies behind the errors. The researchers attempted to 
categorize the possible strategies as a guide for further 
investigation. The researchers’ initial investigation of 
incorrect responses resulted in the following list of 
categories:
wrong reconstruction of detail: partial forgetting
mis identification: use of an algorithm which applies 
elsewhere but is not appropriate for the situation at 
hand
wrong analogy type: generalizing inappropriately 
wrong interpretation of symbols
compartmentation: failure to use existing knowledge to 
check result in a new context.
From their initial analysis Vinner et al. posed two impor­
tant questions. The first addresses the potential effect o 
different teaching strategies on errors, i.e., do different 
teaching strategies encourage different types of mistakes? 
The second is related to a distinction similar to one dis­
cussed in the previous chapter concerning systematic errors 
and misconceptions (Confrey & Lipton, 1985). The question 
posed by Vinner et al. (1981) is whether or not we can char 
acterize students who are systematic in their mistaken be­
liefs in a way which distinguishes them from those students 
who use more than one type of mistaken procedure. Both of 
these questions have implications for future research.
Matz (1982) developed a unifying account for some of 
the observed systematic errors in high school algebra. As 
mentioned in the previous chapter, she proposes that errors 
are due to reasonable though unsuccessful attempts to adapt 
previously acquired knowledge to a new situation. Matz 
examined errors from a variety of settings and situations: 
tutoring experiences, tests given in high school and reme­
dial college classes, and protocols. This analysis led 
her to hypothesize that an individual's problem solving 
behavior can be viewed as a process employing two compon­
ents: a set of basic rules and a set of extrapolation 
techniques which bridge the gap between the set of basic 
rules and unfamiliar problems. Based on these premises,
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Matz divides the observed errors into three categories: "1) 
errors generated by an incorrect choice of an extrapolation 
technique, 2) errors reflecting an impoverished (but cor­
rect) base knowledge, and 3) errors arising during the 
execution of a procedure" (Matz, 1982, p. 27). Matz states 
that if in solving a new problem the student already has an 
applicable rule, the answer to the problem can be construc­
ted by applying the rule. However, if none of the student's 
basic rules apply, then the student is forced to find some 
way to bridge the gap between the known rules and the unfam­
iliar problem. The student either needs to determine how an 
old rule can be adapted, or, alternatively, how to view the 
new problem as a variant of a more familiar one.
As a result of her initial investigations, Matz (1982) 
claimed that the extrapolation techniques of linearity and 
generalization were both used and misused most often. Lin­
earity refers to a property of an operator. An operator is 
said by Matz to be linear if the final result of applying 
that operator to an object is equivalent to applying the 
operator to various subparts and combining the partial 
results. An example of a linear operator is the nth root 
when applied to a product. Generalization is a process 
whereby a known rule is revised to accommodate operators and 
numbers in a new situation. An example of generalization 
is the formulation of a general rule from a specific exam­
ple. This generalization requires a realization on the part 
of the student that the numbers in the specific example are
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incidental rather than essential. Matz argues that her 
approach has several advantages. First, it provides a uni­
fied account because the extrapolation techniques which she 
describes account for both correct and incorrect responses. 
Secondly, it connects a students' recent problem solving 
behavior with previous learning.
The majority of the studies in the area of error analy­
sis have investigated precollege content and students.
Orton (1983a,b) is one of the few researchers who has at­
tempted to extend the work to postsecondary content. In 
his study, Orton conducted 110 interviews with 16-22 year 
olds who were studying mathematics. He was interested in 
investigating the students' understanding of elementary 
calculus by investigating their common errors and misconcep­
tions. Orton based his classification scheme on one pro­
posed by Donaldson (1963). Donaldson's classification scheme 
consisted of three categories: structural, arbitrary, and 
executive. A "structural error" arises from the student's 
failure to appreciate the relationships involved in a prob­
lem and/or to grasp the principle which is essential to the 
problem's solution. "Arbitrary" is used to describe a 
category in which the error that occurred is the result of 
the student behaving arbitrarily and failing to take into 
account constraints laid down in the given information. 
Finally, "executive" refers to a failure to carry out man­
ipulation although the principles involved may have been 
understood. Orton categorized the errors made by students
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in responding to integration tasks as belonging to one of 
these three categories. He concluded from this series of 
interviews and consequent categorization that there were 
some serious difficulties in student understanding of inte­
gration. He suggests more concentration on limits and a 
linking of calculus with appropriate illustrations.
Schemes reflecting specific skills. Several re­
searchers (Brown & Burton, 1978; Davis & Cooney, 1977; 
Tatsuoka, 1984; Wheeler & Harris, 1981) have been more spe­
cific in their descriptions and categorizations. The cate­
gories in these latter studies describe specific skills 
rather than general processes or strategies. For example, 
Davis and Cooney (1977) investigated the errors which are 
evident in the student solutions of linear equations. Their 
categories are defined specifically in terms of operation 
employed in solving linear equations. A twelve-item equa­
tion solving inventory was administered to the 110 high 
school students participating in the study. A random sample 
of the students' papers was examined by the researchers and 
this examination led to the following categories of errors: 
misuses of the rules for adding and subtracting positive and 
negative numbers, arithmetic errors in multiplying and div­
iding, misuse of the additive property of equality, misuse 
of the multiplicative property of equality, coefficient 
error— uses additive rather than multiplicative inverse, 
coefficient error--misuses multiplicative inverse, does not 
finish— original equation contains fractions, and does not
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finish— original equation does not contain fractions .
Davis and Cooney (1977) did a frequency analysis to 
determine the extent to which the errors were computational, 
versus the result of an inability to apply principles for 
solving equations, versus the result of an inability to 
complete the process of solving the equation. Fifty-four 
percent of the errors were computational in nature and 
twenty-two percent were the result of an inability to cor­
rectly apply the rules of solving linear equations. Nearly 
half of the errors in this latter category involved a mis­
application of the multiplication property of equality.
Davis and Cooney conclude that an analysis such as theirs 
would help a teacher to gain insights into the strengths and 
weaknesses of a student's learning behavior and the instruc­
tional process.
A study conducted by Educational Testing Service (ETS) 
(Wheeler & Harris, 1981) suggests the possibility of an 
error classification scheme based on item type. Researchers 
in this study classified the test items in four ways: 
according to Bloom's taxonomy, according to format, accord­
ing to physics content area, and according to qualitative 
versus quantitative. The frequency of items missed (errors) 
in each category was calculated and comparisons made between 
subgroups of males and females. These results will be dis­
cussed in the next section.
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Summary. Existing error classification schemes, from a 
variety of content areas, have been presented. The majority 
of the schemes lack an overall framework which would serve 
to connect the individual categories. The process model for 
high school algebra presented by Matz (1982) attempts to 
establish such a framework by describing categories which 
originate from the same premise; errors occur as the result 
of reasonable but unsuccessful attempts to adapt prior know­
ledge to a new situation. The majority of schemes also fail 
to present what implications their findings might have for 
ins true tion.
One of the goals of the present study is a preliminary 
exploration of the errors made by students in a first semes­
ter calculus course. The classification schemes and Matz's 
model, presented in the preceding sections, provided a 
starting point for that investigation.
Relationship of Errors to Other Variables
Research studies based on a error classification scheme 
have been conducted to investigate the relationship between 
individual and group characteristics and errors (Clements, 
1980; Davis & Cooney, 1977; Marshall, 1983, 1984; Wheeler & 
Harris, 1981). Questions focus on whether any individual or 
group patterns exist and, if so, how the patterns differ.
The patterns of errors between groups could influence both 
curriculum and teaching.
Marshall (1983) examined the distractor choices of four
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groups of sixth grade children on written multiple-choice 
tests. The analysis was designed to assess whether charac­
teristic errors were made consistently by either sex and to 
identify and classify the errors made by each sex. She fol­
lowed the classification scheme developed by Radatz (1979). 
Marshall found that sex differences exist in the frequencies 
of correct and incorrect responses as well as the alterna­
tives selected. Based on the distractor choice selected, 
Marshall concluded that girls' errors are more likely to be 
due to misuse of spatial information, use of irrelevant 
rules, and choice of incorrect operation. Marshall also 
found that girls make more key word association errors.
In a subsequent study Marshall (1984) used a paraphrase 
of the classification scheme presented by Newman (1977) to 
investigate errors made during the problem solving process. 
Results indicate that error types outlined in her classifi­
cation scheme do not occur with equal frequency and that 
there exists a strong relationship between error type and 
item type. Group and individual differences were also inves­
tigated in their study. Marshall found that although the 
total test performance for boys was not significantly dif­
ferent from the total test performance for girls, there was 
a difference in type of errors made by the two sexes. An 
examination of possible differences between a group of 
children who were members of the Gifted and Talented Program 
and a group of nonmembers yielded no significant results.
Clements (1982), in his study of errors made by sixth-
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graders on written mathematical tasks, was interested in 
determining which cognitive and personality characteristics 
tend to be associated with students who make careless 
errors. An operational definition of careless errors was 
presented. Students who gave correct answers on one occasion 
and wrong answers on another were interviewed. If, during 
the interview, the student again gave the wrong answer, the 
original answer was classified as not being careless. If, 
on the other hand, the student gave the correct answer dur­
ing the interview, the error was classified as careless.
The instruments used were the Monash Assessment of Mathe­
matical Performance (MAMP); Kagan's Matching Familiar Fig­
ures Test (MFFT) to identify impulsive and reflective sub­
jects; and three other tests designed to measure arithmetic 
ability, confidence in attempting mathematical tasks, and 
the understanding of mathematical language. Moderate but 
significant positive correlations between proportion of 
errors that were careless and three variables were found: 
arithmetic ability, use of mathematical language, and con­
fidence in attempting mathematical tasks. In the reflec­
tive-impulsive dimension, Clements' findings were in accord 
with other studies in that the impulsive students tended to 
make more errors than the reflective students. Results in 
this area led Clements to hypothesize that MFFT reflective 
(impulsive) students do not seem to be reflective (impul­
sive) on mathematical tasks. Clements suggested that more 
research into the relationship is needed.
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Two of the studies mentioned previously, Davis and 
Cooney (1977) and Wheeler and Harris (1981), also examined 
group and individual differences. The ETS study (Wheeler & 
Harris, 1981) examines group and individual differences in 
error patterns in order to gain insight into possible unique 
characteristics of the female physics student. A distractor 
analysis was performed and the results indicate that females 
tend to choose distractors which indicate a lack of under­
standing of the basic concepts, while males tend to choose 
distractors which result from viewing the situation as more 
complicated and complex than necessary. An interesting 
result occurred in the area of items omitted. It was found 
that nearly one-third of the items were omitted by twice as 
high a proportion of females as males. This result was 
hypothesized to indicate a lack of willingness to take risks 
and guess on the part of the females.
Davis and Cooney (1977), in their description of errors 
in solving linear equations, compared the error patterns 
of students who scored low and students who scored high on 
their twelve-item equation inventory. High scorers were 
classified as having obtained scores which reflected that 10 
or 11 equations were solved correctly. Students classified 
as low scorers correctly solved between 2 and 7 equations. 
Seventy-five percent of the errors made by high scorers were 
computational in nature. The authors concluded that the 
high scoring students had little difficulty in applying 
principles of solving equations or in completing the solu-
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tion process. A high percentage of computational errors, 
fifty percent, was also found among the low scorers. In 
contrast, however, the other categories also contained a 
significant number of entries.
The aforementioned research suggests that an error 
classification scheme can serve as the basis for investi­
gating group and individual error patterns. These patterns 
have the potential of allowing the researcher to describe 
processes used by students in solving problems, as well as 
student characteristics that might prove helpful in design­
ing intervention. Several of the researchers (Matz, 1982; 
Pippig, 1975; Radatz, 1979) have suggested the value of such 
schemes in describing or gaining insight into students' 
underlying beliefs and frameworks. The next section ex­
plores that hypothesis by reviewing research in the general 
areas of student frameworks and alternative conceptions.
Exploring Student Frameworks and Alternative Conceptions
The theoretical framework established in Chapter II 
implies a perspective for the learning process that grants 
the individual an active, constructive role. The major 
tenets of this perspective will be reviewed in order to have 
a framework in which to discuss empirical studies involving 
student conceptions and alternative conceptions. From this 
perspective, learning is viewed as the process by which the 
learner constructs a representation of the world by inter­
acting with and organizing his/her experiences. Recall that
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Toulmin (1972) views this interaction, this process of 
learning, as a process similar to natural selection; the 
intellectual environment favors the development of certain 
concepts more than the development of others. Toulmin and 
others (Davis, 1983; Skemp, 1971) suggest that concepts are 
organized by the individual into frameworks which allow 
him/her to predict and explain facts and events. Toulmin 
argues that because of historical and cultural diversity, 
different conceptual frameworks evolve in some cases to 
explain the same phenomena (Hewson, 1985). This suggests 
the possibility of the existence of alternative conceptions.
The hypothesized existence and investigation of alter­
native conceptions (Clement, 1982; Confrey & Lipton, 1985; 
Erlwanger, 1975; Nussbaum & Novick, 1982; Pope & Gilbert, 
1981) is consistent with the perspective of learning implied 
by the theories of constructivism and conceptual change. 
These theories argue for a learning environment in which a 
learner has an active role in the construction of his/her 
knowledge. As Hewson (1985) suggests:
...this view carries the implication that different 
people strive to make sense of the world; that they 
use their idiosyncratic existing knowledge to do this 
and therefore different people will acquire different 
conceptions even when presented with the same infor­
mation. In this way, it is possible for different 
people to construct alternative conceptions from the 
same information. (p. 155)
So, as stated previously, alternative conceptions is a term
used to describe an internalization and associated meaning
of a concept which is at variance with an "accepted view."
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The majority of studies in this area of alternative concep­
tions have been concerned with eliciting, recording, and 
analyzing students' individual conceptions. The studies 
are, for the most part, narrow in their focus and deal with 
one specific concept in a given content area: arithmetic, 
algebra, calculus, physics, or probability. Researchers 
(Clement, 1980; Confrey & Lipton, 1985; Erlwanger, 1975; 
Nussbaum & Novick, 1982; Pope & Gilbert, 1981) argue that a 
student's alternative conceptions have a rational base, a 
strong level of individual commitment, and are highly resis­
tant to change. The research technique most often used in 
this area of alternative conceptions is the clinical inter­
view. Some of the researchers, however, have combined the 
clinical interview technique with a more quantitative, 
usually written, measure. It is not the intent of the pres­
ent study to explicitly investigate student alternative 
frameworks. However, the results of studies which have 
investigated concepts important in first semester calculus, 
i.e., equality, function, equation, and variable, had an 
influence on the design of the instructional materials 
implemented in the present study. A review of these studies 
will therefore be presented in this section.
The concept of equation has been investigated by a 
variety of researchers from a variety of perspectives. 
Clement (1982) investigated the concept of equation by 
exploring the thought processes underlying a common miscon­
ception which surfaces during the solution of algebra word
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problems. The data which Clement collected indicates that 
relatively advanced students can experience serious diffi­
culties in symbolizing certain meaningful relationships with 
algebraic equations. The students in Clement's study were 
presented with the following problem: "In a certain college, 
there are six times as many students as there are profes­
sors. Write an equation representing this statement using 
S to represent the number of students and P to represent the 
number of professors." The most common answer is 6S = P. 
Clement states this reversal error is robust and fairly 
resistant. After taking part in a teaching unit, calculus 
students were still confused. Clement hypothesizes two 
conceptual sources of error. One is a syntactic word order 
matching process which results from a conception that the 
order of the symbols must match the order of the words in 
the problem statement. The meaning of neither the statement 
nor the equation is taken into consideration by the student. 
The second source Clement labels, is a semantic static com­
parison process in which the student's intuition results 
in him/her placing the multiplier six next to the letter 
representing the greater quantity. In this situation, it is 
hypothesized that to the students using this approach, the 
equal sign tends to symbolize a correspondence or associa­
tion between unequal groups, rather than an equivalence. 
Protocol analysis and results of a teaching unit led Clement 
to argue that contradictory results can exist fairly autono­
mously in the same individual and that learning new methods
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does not guarantee that old ones have been unlearned or 
modified.
Wagner (1981) also was interested in student concep­
tions concerning the equation. The purpose of her investi­
gation was to examine student ability to conserve, in the 
Piagetian sense, equation and function under alphabetic 
transformations of the literal variables. Thirty students 
were given a set of four tasks. Wagner states that failure 
to conserve equation or function under a transformation of 
variable may reflect misconceptions. Two common misconcep­
tions were observed by Wagner; a conception that changing 
the variable symbol changes the referent, and a conception 
that a linear ordering of the alphabet corresponds to a 
linear ordering of the number system, i.e., numbers closer 
to the letter Z represent larger numerical quantities. Both 
conceptions suggest that the students did not realize that 
the value of the unknown is independent of the letter used.
Ktichemann (1983) examined student processes for solving 
equations. His study extended a previous study conducted by 
O'Brien (1980). O'Brien gave a set of equations to 53 sec­
ondary students and conducted interviews to investigate 
their solution processes. He found that the initial 
approach for the majority of the students was a quantitative 
approach, rather than a formal one. KUchemann classified 
these quantitative approaches into three types: trial and 
error, inspection, and reversal. He contrasts these quanti­
tative methods to formal methods which he describes as sym­
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bolic and involving manipulative rules. KUchemann1s study 
was designed to investigate whether or not a student's 
difficulty in using formal methods was a result of the for­
mal methods themselves or from having to cope with unfamil­
iar numbers. KUchemann's findings support those of O'Brien. 
KUchemann found that students prefer quantitative methods 
and find formal methods more difficult. He also observed 
that the difficulty with formal methods is increased in the 
case where the solution is a familiar number easily attained 
through quantitative methods.
The studies described above were designed to investi­
gate a student's concept of equation by considering his/her 
concept of variable or the equation solving process. Sev­
eral researchers (Ginsburg, 1977; Herscovics & Kieran, 1980; 
Kieran, 1981; Mevarech & Yitschak, 1983) have investigated 
the specific concept of equals. Kieran (1981) summarized 
the recent work by herself and others which has dealt with 
uses of the equal sign and intuitive notions of equality 
among preschoolers, elementary and secondary school child­
ren, and college students. She found that the most common 
view of the equal sign is that of an operator symbol, a 
signal to the student to "do something." Kieran argues that 
evidence for this result can be found in the inability of 
elementary students to complete __  = 4 + 3  and their subse­
quent question to the researcher, "Do you read backwards?" 
(Ginsburg, 1977). Ginsburg hypothesizes that to these 
students the equal sign means "add up to." Kieran states
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that this conception of equals persists through college and 
is clearly evident in work involving equation solving and in 
many calculations in calculus. Evidence for this argument
exist in a calculation of the first derivative of f(x) =
3 3x + 3  which is presented, by the student, as f(x) = x + 3
7
= 3x . Tall (1978) argues that this statement has the 
potential to make perfect sense to a student who may be 
viewing the second equal sign as an operator symbol or a 
symbol denoting implication. In the terminology of Skemp 
(1976), Tall proposes that the student has an individual 
formal understanding, he/she has rationalized his/her think­
ing and it fits with existing schema, but lacks a corporate, 
formal understanding or, in other words, the ability to put 
mathematics in a formal context using acceptable notation.
Individual conceptions of the concept of function is 
another area which has received some attention (Dreyfus & 
Eisenberg, 1983; Kreimer & Taizi, 1983; Markovits, et al. 
1983; Orton, 1970; Vinner, 1983). Dreyfus and Eisenberg 
(1983) developed a study to investigate the extent to which 
selected aspects of the function concept are intuitive to 
college students. Their basic premise is that basic mathe­
matical concepts have often not been built from an intuitive 
base and that as a result, during the teaching/learning 
process, the student has difficulty internalizing these 
concepts. The purpose of their study was to determine the 
extent to which the aspects of linearity, smoothness (dif­
ferentiability) , and periodicity had been internalized by
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college level students. A 34-question test was administered 
to 84 college students from two Israeli universities. Some 
of the problems were stated algebraically, others were 
stated graphically, and all of the items were categorized as 
to whether or not they suggested linearity. Results indi­
cate that students opt for linearity in almost all situa­
tions and they let it override other requirements which 
might have been placed on the data. Other interesting 
results are that students tend to view algebraic data and 
graphical data as being independent and they tend to work 
with functions in a very mechanical way, having failed to 
acquire a global understanding of the basic notions under­
lying the mechanical procedures.
Markovits et al. (1983) conducted a study with ninth 
grade students to investigate the images which students 
associate with the concept of function. The students were 
presented a forty-item questionnaire which asked them to 
give examples of functions under certain constraints and to 
indicate how many different functions would satisfy the 
constraint. Results are compatible with those found in the 
study described above by Dreyfus and Eisenberg (1983). The 
results indicate that the majority of responses to questions 
were restricted to linear functions, both graphically in 
terms of responding with straight line segments, and alge­
braically in terms of answers which were linear formulas.
It was also noted that only a few of the students' answers 
indicated that they appreciated the fact that an infinite
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number of functions could satisfy each of the given con­
straints. It was hypothesized that the latter could be the 
result of a student belief that there is always just one 
right answer, a belief which is often reinforced by class­
room practice.
The studies in this section give evidence to support 
the hypothesis that during the process of learning, students 
construct and internalize alternative conceptions. These 
alternative conceptions in turn influence the individual's 
solution processes. Several researchers (Lewis, 1981; Nuss- 
baum & Novick, 1982; Pickthorne, 1983; Svenson et al., 1983) 
suggest that the individual student may be unaware that his/ 
her conceptions differ from an accepted view. These same 
researchers go further and propose that student awareness 
of his/her alternative conceptions should be a major goal of 
the teaching/ learning process. Nussbaum and Novick (1982) 
argue that "awareness of one's own assumptions is prerequi­
site to sensing" (p. 187). Lewis (1981), in his Essay on 
Error, proposes that there needs to be a "felt-dissatis- 
faction" or "felt-failure" on the part of the student and 
argues that otherwise, errors and conceptions which differ 
from the accepted view tend not to be noticed at all. The 
next logical step then is to review the empirical literature 
which investigates this self-awareness, as well as instruc­
tional strategies designed to promote it.
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Connecting the Framework to Practice 
Motivation for Instructional Strategies
Recall from the previous chapter that the terms 're­
flection' and 'metacognition' have been used by researchers 
to refer to the process of becoming conscious of and gaining 
control over concepts and procedures. The processes of 
reflection and metacognition are viewed by these researchers 
as vital to a constructive teaching/learning environment. 
Garafalo and Lester (1985) in their investigation of the 
relationship between these processes and mathematics perfor­
mance state that successful cognitive performance depends on 
having not only adequate knowledge, but also sufficient 
awareness and control of that knowledge. Parsons (1983) in 
his general discussion of the process of reflective inquiry 
states that knowledge is personal, intimate, and dynamic and 
that any prescribed pattern of behavior is useless to an 
individual unless it is consciously reflected upon, clar­
ified, and personally valued.
Although the importance of the process of making one's 
own mental processes conscious has become a dominant theme 
in educational theorizing circles, few empirical studies 
have been conducted to investigate either the effect of met- 
acognitive knowledge and beliefs on performance or to exam­
ine the nature of and development of monitoring, assessing, 
and strategy-selecting behavior. Kilpatrick (1985) states 
that educators seldom give attention to helping individuals
81
become more aware of how their consciousness functions. 
Kilpatrick argues further that opportunity for reflection 
is not sufficient: most students require encouragement and 
explicit instruction. The implication here is that the pro­
cess of reflection is not one that develops naturally, or 
even easily, in most individuals.
The above implication is supported by researchers 
(Allardice & Ginsburg, 1983; Flavell, 1979; Koplowitz, 1979; 
Schoenfeld, 1983) in the area of mathematical problem solv­
ing. Schoenfeld (1983) reports that students in college 
calculus have developed little awareness that they can 
observe and critique their own thinking. He argues that the 
idea of an individual student monitoring his/her own cogni­
tive activities, a process which he hypothesizes is similar 
to being one's own "coach," is an idea foreign to most stu­
dents (Schoenfeld,1985). Flavell (1979), in his review of 
the literature, found that young children are quite limited 
in their knowledge and cognition about cognitive phenomena. 
Results of the review of the literature conducted by Flavell 
also indicated that young children are quite limited in 
their metacognitive skills and do relatively little monitor­
ing of their own memory, comprehension, and cognitive enter­
prises. Allardice and Ginsburg (1983) found evidence in 
their review of the literature that supports the results 
reported by Flavell. They state that children do not seem 
to analyze their problem solving processes and always trust 
their own informal procedures.
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The prevalence of the terms metacognition and reflec­
tion in the theoretical literature, and the reported absence 
of the processes in student problem solving activities and 
classroom practice suggest the need for further investiga­
tions. Peterson and Swing (1982) argue that ultimately the 
teacher's goal must be to teach students to assess what they 
do and do not understand. They state that more research is 
needed to delineate procedures for training students to use 
cognitive strategies and to investigate the effects of such 
training on student academic performance. The present study 
investigates the effects of a learning environment designed 
to foster reflection on several factors among which is cal­
culus achievement. The next section reviews existing stud­
ies that explore these issues.
Relationship to Discovery Learning
Discovery learning is a perspective of learning which 
was popular in educational circles during the 1960's. Many 
research studies were conducted to investigate the relation­
ship of learning by discovery to various factors, most 
importantly achievement. The majority of this research was 
inconclusive (Shulman & Keisler, 1966; Strike, 1975). Sev­
eral reasons have been proposed as explanations for these 
results. The most significant one appears to involve the 
fact that there existed little agreement, among the studies, 
on the definition of a discovery method of learning. Strike 
(1975) states that though empirical evidence was gathered
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and experiments conducted with the necessary amount of 
rigor, they failed to agree because of a lack of interpreta­
tion of both dependent and independent variables. Strike 
argues that in order to properly characterize discovery 
learning, epistemic concepts must be taken into considera­
tion .
The characteristics of the classroom environments from 
the perspectives of discovery learning and constructivism 
share, on the surface, several common themes. They both aim 
to foster increased participation by the student, a method 
wherein students learn independently, and a method which is 
the opposite of rote learning. Strike's (1975) argument, 
however, points to what can be considered the major differ­
ence between the two perspectives. Discovery learning 
emphasizes the structure of the subject matter. The role of 
the classroom teacher is to provide activities which help 
the individual to uncover (discover) this structure. This 
perspective implies that the structure of the subject matter 
is a given, something which is ontologically real. The 
constructivist perspective is, on the other hand, strongly 
based on an alternative epistemological theory; the theory 
that knowledge is actively constructed out of experiences.
It is a perspective which emphasizes and explores each 
individual's personal structure of knowledge. The next sec­
tion reviews instructional strategies designed to foster 
the development of an individual's awareness of his/her own 
knowledge structure.
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Instructional Strategies Which Promote Student Self- 
Awareness
The constructivist learning environment outlined in the 
previous chapter stresses the active participation of both 
the teacher and the student in the learning process. The 
emphasis for the student is on the role of personal experi­
ence in the construction of knowledge. The role of the 
teacher and curricula is to provide experiences which enable 
the individual to consider, contemplate, construct, and 
expand his/her meanings. Parsons (1983) argues that the 
teacher in such an environment must recognize a basic dif­
ference between manipulating the classroom environment and 
manipulating the student. The teacher's role is less that 
of director or manipulator and more that of assister, 
helper, and minister of growing. Research studies which 
have been developed to investigate instructional strategies 
designed to promote the characteristics of both the learner 
and the teacher in a constructive classroom will be reviewed 
in this section.
The instructional strategies reviewed in this section 
are compatible with the philosophies of constructivism and 
conceptual change and a desire to achieve a more active 
role for the learner. Confrey (1985) elaborates on a pre­
viously stated goal of such instruction:
An instructor should promote and encourage the devel­
opment for each individual within his/her class a 
repertoire of powerful mathematical constructions for 
posing, constructing, exploring, solving, and justi­
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fying mathematical problems and concepts and should 
seek to develop in these students their capacity to 
reflect on and evaluate the quality of those construc­
tions. (p. 2)
Although the activities may vary, the major focus of 
the instruction in each of the following cases is to develop 
activities in which the students have a need to make their 
conceptual models explicit in order to construct more pow­
erful, appropriate, and useful constructions. These studies 
are divided into two groups; those that explore general 
instructional strategies, and those that explore the use of 
questioning technique.
General strategies. Peterson and Swing (1982) con­
ducted a research study based on the premise that perform­
ance on intellectual tasks involves complex mental proces­
ses, and that behavioral measures such as observations of 
on-task behavior convey limited information about classroom 
learning. They argue that the students may appear to be 
engaged in a task (behaviorally), while they may not be 
engaged cognitively. Peterson and Swing instead used a 
stimulated-recall technique in which they videotaped lessons 
involving fifth- and sixth-graders. Students viewed the 
videotapes with the researchers and were asked to describe 
what they were thinking about during critical parts of the 
lesson, as well as what they were thinking or doing during 
the lesson to help themselves learn/understand. The re­
searchers made a distinction between two types of strate­
gies: general strategies and specific strategies. Strat­
86
egies which the student described using the terms thinking, 
listening, and/or working, were classified as general. 
Student descriptions such as repeating and reviewing infor­
mation, relating information to prior knowledge, checking 
answers with the teacher or another student, mentally or 
physically reworking the problem if the answer was incor­
rect, and reading or rereading the directions or problems, 
were classified a specific cognitive strategies.
Peterson and Swing (1982) conclude that the strategies 
of relating the information being taught prior knowledge and 
trying to understand the teacher or problem were related to 
achievement. There was also a positive relationship between 
the students' reports of their understanding and their 
achievement on seat-work and achievement tests. The results 
suggest that student reports of their thought processes may 
be better predictors of student achievement and attitudes 
than observations of student behavior.
Pope and Gilbert (1981) argue that effective instruc­
tional strategies rely on the teacher having some under­
standing of the students' viewpoints. They propose that in 
such a classroom the teacher would be able to capitalize on 
the personal experiences and spontaneous reasoning of his/ 
her pupils. They have explored the use of a technique or 
instructional strategy referred to as Interview-About- 
Instances (IAI) in science learning. The IAI is a method 
which has commonly been used in research situations to 
expose students' basic scientific conceptions. Pope and
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Gilbert argue that it is easily adaptable to the classroom 
and exposes the students' beliefs to the teacher and to 
themselves. The IAI method involves generating a series of 
cards on which there are drawings which depict concepts in 
science. The cards serve as an initial stimulus to generate 
a conversation between the teacher and the student. The 
teacher must pay attention to a student's explanation, par­
ticularly the language they are using, and ask appropriate 
follow-up questions.
Osborne and Gilbert (1980) describes an instructional 
procedure in which students are encouraged to reflect on a 
ceptions to predict what is likely to occur. Each student 
is then asked to work in pairs or groups and perform the 
required investition while making and discussing his/her 
observations. This is followed by a general discussion in 
which each of the student's individual explanations are 
exposed. This plenary session is followed by group work in 
which the students are asked to devise and conduct experi­
ments to test these explanations. The experimentation 
is followed by further discussion of the results and 
discussions relating the results to everyday examples and 
applications.
Nussbaum and Novick (1982) are two other researchers in 
science education who have also investigated instructional 
strategies designed to expose alternative conceptions and 
promote the construction of more useful conceptions. They 
argue that a student's preconceptions can often interfere
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with learning because they tend to differ from, and often 
conflict with, the meaning intended by the teacher. Nuss­
baum and Novick state that the student is often unaware that 
such a difference or conflict exists. They propose a three- 
phased instructional strategy designed to expose the precon­
ceptions and to encourage accommodation of a more acceptable 
view. The three phases involve "1) exposing alternative 
frameworks, 2) creating conceptual conflict, and 3) encour­
aging cognitive accommodation" (p. 183). The authors des­
cribe typical activities for each phase and present a case 
study of an actual classroom event. Two major portions of 
the strategy proposed by Nussbaum and Novick consist of an 
"exposing event" whose interpretation requires the students 
to invoke their preconceptions and a "discrepant event" 
which is designed to create a conflict between the students' 
preconceptions and the phenomenon of interest. At each 
stage in the process, students are asked to state ideas 
clearly and concisely, both verbally and pictorially. They 
are encouraged to debate the pros and cons and to compare 
their conceptions with those of their classmates. Although 
no quantitative data were collected, the researchers did 
compile a set of teacher comments on the lesson presented in 
the case study. These descriptive comments indicated that 
the teachers observed a considerable increase in interest, 
enthusiasm, persistence, personal involvement, and motiva­
tion among their students as a result of employing this 
instructional strategy.
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Questioning techniques. At the focal point of the 
above studies is the establishment of a dialogue between 
teacher and student. It is fairly evident from these stud­
ies that flexibility and the freedom and encouragement to 
ask questions are principal criteria for an environment 
designed to promote an active role for the learner. The 
ability to generate questions has been investigated by sev­
eral researchers in a variety of areas. The relationship 
between such an ability and achievement, as well as self- 
awareness or reflection, has also been explored. Suchman 
(1961) developed an inquiry training program based on the 
premise that the concepts which are the most meaningful, 
i.e., are retained the longest and are the most available 
for future thinking, occur when the learner actively gathers 
and processes data from which the concepts eventually 
emerge. The training described by Suchman was designed for 
students in intermediate grades. The technique involved 
using short films of simple physics demonstrations to pose 
problems of causality. Students were asked to discover why 
the demonstrations had the results they had by asking the 
teacher/researcher questions requiring yes or no answers. 
Suchman emphasizes that such a scheme for inquiry should not 
be interpreted as a recipe for discovery or a rigidly pre­
scribed sequence of operations. Each session was tape 
recorded and the tapes were discussed amongst the teacher 
and the group. These follow-up discussions focused on the 
usefulness of the questions asked and how to develop more
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precision and control. Several trends were prevalent in the 
observations made over the 15-week training period. First, 
the sheer number of questions asked by the students in­
creased from week to week. Second, the children developed 
the ability to design related sequences of questions and 
there was an observable increase in precision. The third 
trend was observed in the type of question asked. Initial­
ly, questions posed by the students tended to center on 
verification and identification. As the training progressed, 
however, the students developed techniques for questioning 
which allowed them to discover relational constructs. 
Finally, a change in attitude was also observed. The stu­
dents appeared to gain an increased sense of intellectual 
power, a self-confidence and excitement about continued 
inquiry.
Scott (1973, 1977) has also investigated the use of 
Suchman1s (1961) inquiry strategy. In his earlier study 
Scott (1973) investigated the relationship between inquiry 
training and the analytical aspect of cognitive style. 
Results of the longitudinal study indicate a positive, sig­
nificant effect on the analytical aspects. This effect 
persisted in the sense that a student who participated in 
the inquiry training maintained a significant advantage over 
comparison students for a period of six years. In the later 
study, Scott (1977) extended these results. Positive effects 
of inquiry training on mathematics achievement were indi­
cated. Responding to a questionnaire, students indicated
that their success in geometry and algebra was due to the 
inquiry training they had received in the sixth grade. The 
students indicated that it increased their level of logical 
thought and reasoning ability. Bell (1979) in a review of 
the research on problem solving argued that an aspect of 
inquiry training which may well have the most significant 
impact on retention and transfer of thinking skills is the 
reflective strategy session which follows the problem solv­
ing activity. The main focus of this session is the anal­
ysis and categorization of the questions according to their 
value in gathering information.
Wong (1985) conducted an important review of the liter 
ature on self-questioning instructional research and its 
relationship to the improvement of student's processing of 
prose. In her review, Wong subdivided the research into 
three categories, each of which was characterized by a par­
ticular theoretical perspective and corresponding research 
goal. The three theoretical perspectives were labeled 
active processing, metacognitive theory, and schema theory. 
Studies in the active processing category share a "theoreti 
cal assumption that for students to be active comprehenders 
and independent thinkers, they must generate questions that 
shape, focus, and guide their thinking in their reading" 
(Wong, 1985, p. 228). The focus of studies in this area is 
on comparative investigations between student-generated 
questions and teacher-generated questions. Metacognitive 
theory serves as the basis for investigations of self-
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monitoring instruction. The guiding principle of such 
instruction is to teach the students how to learn, rather 
than what to learn, and to successfully plan, check, and in 
general monitor themselves in their problem solving perform­
ance. Finally, the schema theory focuses on teaching stu­
dents to activate prior knowledge through the generation 
of appropriate self-questions.
The extensive review conducted by Wong (1985) brings to 
the surface several interesting points which are relevant 
to the present study. First, the studies based on a meta­
cognitive, theoretical perspective (Anderson, 1980; Andre & 
Anderson, 1978-79) support a prediction that instructing 
students to be sensitive to major parts of the text and to 
monitor their understanding of these sections increases 
their ability to process prose. This strategy is designed 
to promote increased student self-awareness of reading 
comprehension difficulties. Wong's review gives evidence 
that instruction on such self-monitoring awareness is par­
ticularly important for poor readers. This is due to the 
fact that in most cases poor readers are unaware of their 
difficulties. Secondly, the studies reviewed by Wong 
indicate that deficiencies in content and metacognitive 
knowledge are two important constraints on student ques­
tioning. The third major point is that the literature, as 
reviewed by Wong, consistently demonstrates the ease with 
which subjects can be trained to generate self-questions. A 
related issue is the fact that all of the successful self-
questioning studies reviewed by Wong appear to involve some 
type of direct instruction on question generation. Finally 
the effectiveness of self-questioning instruction in most o 
the studies reviewed is measured by a single criterion mea­
sure. Wong argues that such a single measure may not fully 
encompass the richness and complex subtleties of such 
instructional strategies. Two major unanswered questions 
in this area are: 1) what cognitive and motivational vari­
ables contribute to the evolution of self-questioning strat 
egies, and 2) can self-questioning techniques be employed 
in constructing a model of an individual's cognitive pro­
cesses (Wong, 1985).
Summary. The research studies presented in this sec­
tion have explored the use of instructional strategies to 
aid the student in developing self-awareness or reflective 
tendencies during certain learning activities. It is 
hypothesized, and in most cases supported, that these in­
structional strategies will have a positive effect on 
achievement, retention, and transfer. The strategies for 
the most part attempt to develop general processes which 
could potentially be extended to all subject areas and 
applicable to more than just the specific content or prob­
lems under investigation. The philosophy shared by these 
studies is consistent with that of constructivism and con­
ceptual change. Further, the majority of these studies are 
based on the premise that before any change in an individ­
ual's cognitive framework can be achieved, the individual
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must be aware of his/her framework and any weaknesses of 
alternative viewpoints that it contains. The majority of 
the existing studies exist in areas other than mathematics, 
deal with topics which are often distant from the school 
syllabus, and often involve one-on-one training. The ini­
tial positive results of these studies suggest the value of 
extending this work to both normal classroom settings and 
the specific content area of mathematics.
Researchers in this area (Confrey, 1985; Gilbert, 1982; 
Scott, 1973) emphasize that the teacher's role in such a 
classroom environment is crucial. What is required of the 
teacher in such a learning environment is isomorphic to what 
is required of the learner. The teacher must be committed 
to the view of a constructive learning environment and pro­
vide the necessary activities for awareness and evaluation 
of student constructions. In most cases, this requires a 
considerable change in attitude and belief concerning the 
teacher's role in the classroom. Traditionally, the major 
ity of teachers have seen themselves as dispensers of infor­
mation to passive students and have been uncomfortable 
departing from this approach. Models for teacher training, 
based on this premise, will be explored in the following 
section.
Implications for Teacher Training
It has been emphasized throughout this chapter that the 
role of the teacher in a learning environment based on a
95
constructivist perspective is necessarily an active one.
Cobb and Steffe (1983) state that under the constructivist 
perspective, the teacher should constantly be making an 
attempt to view both their own and the students' actions 
from the students' point of view. The following statement 
by Schubert and Lopez Schubert (1981) summarizes the con­
structivist perspective of teaching:
It is in the subtly powerful interaction of some 
teachers with their students. It is in the daily 
striving of teachers who try to understand their 
students' sources of meaning, their out-of-school 
curricula, their personal "theories" or sense- 
making constructs. It exists in attempts made by 
teachers to determine how their experience and 
knowledge can bolster their students' quest for 
meaning. (p. 243)
The question to be explored in this section is: What 
implications does this perspective have for the training of 
teachers? Several researchers have made suggestions based 
on the aforementioned instructional strategies and the pro­
posed characteristics of a constructive learning environ­
ment. Gilbert (1982) proposes that the training of physics 
teachers should include sufficient time for the teachers to 
articulate, confront, and modify their own alternative con­
ceptions. In addition, Gilbert argues that teachers in 
training need to be aware of the potential alternative con­
ceptions which their students might possess. Stevens et 
al. (1982) state in their study on misconceptions in under­
standing that a teacher's skill as a debugger depends on 
knowledge about types of conceptual bugs students are likely 
to possess, the manifestations of these bugs, and the meth-
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ods for correcting them.
McAloon (1979) investigates the role of teacher ques­
tioning in diagnosis and remediation. She argues that a 
successful diagnosis is dependent upon the observer's abili­
ty to pose questions which probe the student's thinking and 
expose misconceptions. McAloon states that it is more 
important for a teacher to establish a classroom environment 
that encourages the students to independently explore rela­
tionships, investigate patterns, and analyze their own 
errors, than it is for a teacher to personally lead the stu­
dents to an awareness of all the relationships that exist 
in a given series of problems. According to this view, the 
ultimate goal of diagnosis is "to get beyond an external 
analysis to an internal questioning of 'What did I do 
wrong?' 'Where did I make a mistake?' or 'How did I goof on 
that?' (McAloon, 1979, p.46) Although specific techniques 
for use in teacher training were not presented, McAloon did 
suggest a list of questions which could help teachers 
reflect on how well they are achieving this goal.
Mundy, Waxman, and Confrey (1983) state that only a few 
studies (Bergeron, Herscovics, & Dionne, 1981; Brown, Brown, 
Cooney, & Smith, 1982; Herscovics & Bergeron, 1980) have 
investigated models for educating teachers based on a con­
structivist perspective and its implications for classroom 
practice. These researchers conducted a program entitled 
SummerMath for Teachers which was designed "to convey a the­
oretical perspective, grounded in constructivism and cogni­
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tive processes research, which could provide a coherent 
interpretation of mathematical learning problems, and which 
could guide mathematics teaching" (p. 198). The two-week 
program described by these researchers had 26 secondary 
school mathematics teacher participants. The goals for the 
program included articulation of teacher belief systems, 
development of reflective awareness, explorations of cogni­
tive processes in mathematics learning, and understanding of 
the constructivist perspective. Descriptive information 
was obtained from the teachers through journal entries and a 
final evaluation. Mundy et al. argued that the program's 
major strengths included the fostering of an atmosphere of 
exploration and reflection and the underlying unified 
philosophy toward mathematics and learning that was exem­
plified and reinforced throughout the two-week period. The 
participating teachers also had the opportunity to observe 
the perspective in action in SummerMath, a six-week program 
devoted to improving the mathematics understanding of young 
women. Preliminary observations discussed in the paper 
presented by Mundy et al. were favorable. The results indi­
cate that the participating teachers felt that the intensive 
interactions with other colleagues is one of the most valu­
able of the experiences.
A major connection between research and practice is the 
classroom teacher. The hypothesized importance of charac­
teristics of a constructivist classroom environment, the 
proliferation of the studies exploring instructional strate-
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gies, and the scarcity of research investigating models for 
teacher training from this perspective, support a call for 
more research in this area.
Other Variables 
In the previous sections of this chapter several stud­
ies (Clement, 1982; Marshall, 1983, 1984; Wheeler & Harris, 
1981) were reviewed which investigated group and individual 
differences in errors and problem solving. Recall, from 
this review, that Marshall (1983) found differences in the 
error patterns of sixth grade males and females. The study 
conducted by ETS (Wheeler & Harris, 1981) also found dis­
tinct differences in the distribution of errors exhibited 
by men and women. Several other studies exist which suggest 
that there are differences in male and female performance 
and approach to specific types of mathematical tasks. Fen- 
nema and Peterson (1984) hypothesize that the male superi­
ority on "high-level" cognitive tasks which has been re­
ported by the National Assessment (NAEP, 1983) and the work 
of Benbow and Stanley (1980) results from "girls, more so 
than boys, fail[ing] to develop autonomy in high level 
mathematical tasks" (Fennema & Peterson, 1984, p. A4). 
Learning activities which may facilitate high level mathe­
matics achievement may include working independently, per­
sisting, choosing high level tasks, and succeeding. Ridley 
and Novak (1983) propose that school learning tends to favor 
rote learning (Ausebel, 1977) and that the greater confor­
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mance behavior of females in school may result in a de­
creased capacity for operating with concepts in a meaning­
ful fashion. Mundy (1980) found differences in tendency to 
use a "visual" solution approach, following spatial train­
ing, for men and women doing solids of revolution problems 
in college calculus.
At the college level, studies which explore sex differ­
ences in types of mathematical performance are of particular 
interest because of the disturbingly low proportion of young 
women electing to pursue careers in mathematics-related 
fields, such as engineering and the physical sciences. Re­
search in engineering education has concerned itself with 
background and affective variables related to engineering 
participation and achievement (Auster, 1984) and with cogni­
tive characteristics related to engineering success (Wittig 
et al., 1984). Woods and Crowe (1984) reported that ana­
lytic ability, ability to synthesize information, and avoid­
ance of rote behaviors are key elements of success in engin­
eering. Work in both of these areas would provide a clearer 
characterization of mathematical problem solving behaviors 
of groups such as: women who have chosen engineering; women 
who have equivalent mathematical aptitude, but have not 




Past research in calculus learning has been concerned 
with a variety of issues. These issues tend to group them­
selves into several major categories: 1) the investigation 
of models for prediction of calculus success (Brasch, 1973; 
Dick, 1983; Edge & Friedberg, 1983; Francis, 1966; Prouse & 
Turner, 1969; Sommers, 1973; Tusher, 1972); 2) the study of 
the effect of various diagnostic/remediation schemes on 
calculus success (Hirsch et al., 1983; Hunt, 1976); 3) the 
investigation of various modes of instruction for a par­
ticular calculus topic (Block, 1971; Keller & Sherman, 197A ; 
Klopfenstein, 1977; Thompson, 1980); A) the investigation of 
the structure of calculus curriculum (De Vecchi, 1980), and 
5) the investigation of student understanding of calculus 
concepts (Confrey, 1980; Dreyfus & Eisenberg, 1983; Orton,
1983). De Vecchi (1980) in his review of the literature 
suggests that the results of the majority of these studies 
have been inconclusive. A review of these studies, within 
the theoretical framework of the present study, would sug­
gest that a better understanding of calculus learning might 
be achieved through empirical methods that take a variety of 
aspects of the teaching/learning environment into considera­
tion. The present study attempts to investigate the design 
of teaching strategies based on this premise, a constructiv­




The empirical research presented in this chapter com­
plements the theoretical framework discussed in Chapter II. 
General characteristics of a large portion of this research 
include the employment of primarily qualitative, descriptive 
techniques and the exploration of the methods designed to 
implement the theoretical perspective in classroom practice. 
The following circumstances collectively serve as the moti­
vation for the present study: the hypothesis that a catego- 
orization of errors may give clues to the processes, con­
nections, and frameworks that students are developing while 
completing mathematical tasks; the scarcity of studies 
investigating this hypothesis at the college level; the 
hypothesized importance of reflection on student awareness 
of difficulties and problem solving ability; the tenuous 
relationship between self-awareness instructional strategies 
and achievement; the concern for the low proportion of women 
electing to pursue careers in mathematics-related related 
fields; and the need for further exploration of models for 
educating teachers. The general goals and specific research 
questions for this study were stated in Chapter I. A des­
cription of the experimental design and methodology employed 




The theoretical and empirical research presented in the 
preceding chapters serves as a framework within which ques­
tions can be generated, investigated, and assessed. It is 
within this contextual framework that the present study ad­
dresses the research goals and questions stated in Chapter 
I. The experimental design developed to investigate them 
will be presented in this chapter.
Setting
The setting for the present study is the first course 
in a two-semester calculus sequence, Math 425-Math 426, 
offered at the University of New Hampshire (UNH) during the 
fall semester of the academic year 1985-1986. UNH is a 
state university with an enrollment of approximately 9,300 
undergraduates. The university is composed of various 
schools and colleges. For the purposes of this study, a 
distinction will be made between those students enrolled in 
the College of Engineering and Physical Sciences (CEPS) and 
those who are not. In the fall semester of 1985-1986, 
roughly 870 students were enrolled in first semester calcu­
lus. Four hundred ninety-one of these students were men and 
362 were women; 391 were enrolled in the College of Engin­
eering and Physical Sciences and 469 were enrolled in the
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various other schools and colleges.
The calculus sequence at UNH incorporates many of the 
characteristics of Keller's system of personalized instruc­
tion (Keller & Sherman, 1974). The major portion of the 
course material is presented in a large lecture format three 
times per week, one hour per session. In addition, each 
student is assigned a two-hour laboratory period each week 
which is used for testing purposes. The course and test 
content for the semester is subdivided into four units. A 
student's grade for the course is based on an average of 
his/her four unit test scores and his/her score on a mul­
tiple-choice final examination administered by the depart­
ment. Although no homework is collected, each student is 
given a syllabus which assigns suggested problems for each 
section in the text. Informal calculus help sessions are 
conducted by mathematics graduate students in a tutorial 
room which is open 30 hours per week. Students are free to 
drop in at any time during this period to have their ques­
tions answered. At selected times during each week, more 
formal problem sessions are conducted by the graduate stu­
dents. In these sessions, graduate students present problem 
solutions covering a pre-posted topic area.
At the beginning of the course a pretest is adminis­
tered to all students enrolled in first semester calculus, 
Math 425. The test covers algebra and trigonometry content. 
During the semester in which the study was conducted, three 
types of results were possible for any given student: 1) the
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student was required to complete a formal review of certain 
precalculus skills as part of the calculus course require­
ment, 2) the department recommended that the student drop 
Math 425 and enroll in a precalculus course, and 3) the stu­
dent passed the pretest and no remediation was required. If
a review is deemed necessary, the student is directed to 
the Mathematics Center (MaC), where an appropriate program 
of review, based on the individual pretest results, is pre­
scribed for the student. These remedial programs consist 
of individualized audio and audio-visual tutorial materials 
developed in modular form. Completion of the necessary reme­
diation before the department deadline requires that the 
student visit MaC for several sessions and complete homework 
problems between visits. At the time the present study was 
conducted, a student was required to complete any required 
algebra remedial work prior to the testing period on Unit 2 
and any required remedial work in trigonometry prior to the 
testing period for Unit 4.
All testing for the Math 425-426 sequence is conducted 
in a testing center. Each unit test contains five multiple- 
part, free-response problems and there are 20 parallel ver­
sions of each problem. The tests are assembled in a random 
fashion to produce a sufficient number of variations to 
accommodate the large number of students. Consistent with 
the mastery learning approach, students may take up to two 
"trys" on each unit test, with the score on the final try 
standing as the score on the unit. The first week of test-
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ing for each unit is designated as the required "try." 
Normally, a student will take his/her "first-try" during 
his/her assigned laboratory period in the required week.
The student can then elect to return, during his/her 
assigned period in the subsequent optional week, and take 
his/her "second-try" on a parallel version of the same unit 
test. Exceptions for academic and health-related reasons 
are handled through the mathematics department office. If 
a student elects not to take the test during the required 
week, he/she forfeits one "try" and, therefore, normally 
completes his/her one and only try during the optional week. 
The present study concerns itself with the first course in 
the calculus sequence, Math 425. For the semester under 
investigation, the required weeks were weeks 4, 7, 10, and 
14 of the 15-week semester for Units One, Two, Three, and 
Four of Math 425 respectively.
As mentioned previously, the student reports for the 
unit test during a preassigned two-hour laboratory period. 
During the semester in which this study was conducted, there 
were 9 overlapping laboratory periods scheduled per day with 
no more than 30 students scheduled per period. The student 
is given one hour for each unit examination. The second 
hour of the testing/laboratory period is used for grading 
purposes. After completing the test the student reports to 
a grading room located adjacent to the testing center. The 
test is graded immediately by undergraduate student graders 
in the presence of the student who has just completed the
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test. The graders are advanced undergraduates, usually stu­
dents in the College of Engineering and Physical Sciences, 
who have maintained at least an A- average in Math 425 and 
Math 426. As the students enter the grading room they are 
randomly assigned to the next available grader. A grading 
manual provides the graders with specific guidelines for 
allocating partial credit and also provides completed solu­
tions for each problem. Prior to each unit examination, 
there is a grader preparation session which every grader is 
required to attend. These preparation sessions have tradi­
tionally reviewed the calculus content of each unit and 
presented the grading scheme for each of the questions on 
the unit test. The text for the course was Calculus and 
Analytic Geometry, Part I/Sixth Edition (Thomas & Finney,
1984), and the content for the course was organized as 
follows:
Unit 1 Computing limits; computing derivatives using 
the product quotient and/or chain rule; differentiation 
of the product of three terms and other more complicated 
expressions; implicit differentiation; parametric equa­
tions; higher order derivatives; velocity and acceler­
ation; equations of tangent and normal lines.
Unit 2 Graphing and computing the derivatives of the 
trigonmetric functions; curve sketching; l'Hopital's 
rule; vertical and horizontal asymptotes; max-min prob­
lems; related rates.
Unit 3 Antiderivatives; definite and indefinite integra- 
tion of algebraic and trigonometric functions; computing 
the area bounded by two curves; computing volumes of 
solids of revolution; solving differential equations 
under certain boundary conditions; arc length and sur­
face area.
Unit 4 Evaluation and differentiation of inverse trig­
onometric functions; differentiation of exponential and 
logarithmic functions; integration involving transcen-
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dental functions; graphs and applications of the expo­
nential and logarithmic functions.
Within this setting, specific research questions rising 
out of the established theoretical and empirical framework 




Calculus students. Subjects involved in the present 
study were a subgroup (N = 216) of the students enrolled in 
first semester calculus at the University of New Hampshire 
in the fall of 1985. In an effort to preserve the existing • 
testing framework, to be as nondisruptive as possible, and 
to achieve a degree of consistency throughout the semester, 
the treatment subgroups were chosen at random from among 
four blocks of laboratory periods: Monday afternoon, Tuesday 
afternoon, Wednesday afternoon, Thursday afternoon. The 
random selection of laboratory blocks led to the assignment 
of Monday afternoon labs to the treatment condition and 
Tuesday afternoon labs to the control. These two groups 
represent 216 students or approximately 24% of the total 
first semester calculus enrollment for the fall of 1985.
The sample consisted of 115 men and 101 women. Class and 
college data were available for all 216 subjects. The dis­
tributions are consistent with those of the entire class. 
These data appear in figures 1 and 2 respectively.
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Calculus graders. During the semester that the present 
study was being conducted, AO advanced undergraduates were 
employed by the mathematics department at UNH as calculus 
graders. Thirteen of the graders were women and 27 were 
men. All but four of the graders were majors in the College 
of Engineering and Physical Sciences. Class data was avail­
able for all the graders. Major data was available for the 
36 graders enrolled in the College of Engineering and Physi­
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Figure 3. Class data for calculus graders
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Figure 4. Major data for calculus graders enrolled 
in College of Physical Sciences and Engineering.
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Procedure
The present study divides into three main phases which 
coincide with the research goals explicated in Chapter I.
In the first phase, a random sample of 120 calculus unit 
examinations from the fall semester of 1984 was chosen and 
used to develop a set of error categories representing an 
adaptation and expansion of existing error classification 
schemes to first semester calculus. This classification of 
calculus errors served as the basis for the design and 
development of grader preparation sessions conducted in the 
fall of 1985 with a subgroup of undergraduate calculus grad­
ers. The preparation materials focused on error classifi­
cation and questioning techniques used to guide the graders' 
subsequent interactions with the students. The third phase 
of the present study involved the incorporation of the 
above results in the calculus testing center at the Univer­
sity of New Hampshire during the fall semester of 1985.
Each of these three phases will be described in detail in 
the following sections.
Error classification. One of the goals of the present 
study was to develop a set of error categories representing 
an adaptation and expansion of existing error classification 
schemes to first semester calculus. A description of these 
previous investigations was presented in Chapter III. The 
majority of these existing classification schemes (Newman, 
1977; Orton, 1983b; Pippig, 1975; Radatz, 1979; Vinner et 
al., 1981) describe student errors in general terms. The
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categories, contained within the classification schemes, re­
flect general processes or strategies which the student uses 
when solving a problem. A few of the studies (Davis & Coon­
ey, 1977; Wheeler & Harris, 1981) contain categorizations 
which reflect specific skills rather than general processes 
or strategies. It has been suggested that errors can serve 
as sources of valuable insights into student difficulties 
(Ginsburg, 1977; Matz, 1982). It can be hypothesized that 
these insights and any subsequent generalizations would be 
more enhanced by a classification scheme reflecting general 
processes, than one tied to specific skills.
The review of the development of existing classifi­
cation schemes led to an investigation of first semester 
calculus errors. This investigation was conducted in sev­
eral phases. During the first phase, a random sample of 
120 calculus unit tests (30 for each of the four units) was 
selected from those tests completed by students enrolled in 
Math 425 during the fall semester of 1984. The format and 
content of the unit tests contained in this sample were 
analogous to those administered during the present study.
As described earlier in this chapter, each test consisted of 
five free-response problems covering the content of each 
calculus unit. With the existing schemes as a framework, 
the researcher read each of the 600 student solutions in the 
120-test sample. For each solution, written hypotheses were 
generated concerning the nature of the student difficulties 
and the solution being being employed. An attempt was made
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whenever possible to describe the errors in terms of one or 
more of the existing categorization schemes presented in 
Chapter III. The hypotheses and error descriptions obtained 
from this analysis were examined by a qualified, independent 
judge. This examination led to a valuable re-analysis and 
expansion of the descriptions and hypotheses initially 
proposed by the researcher.
Radatz (1979) suggests a potential difficulty in basing 
an error classification scheme solely on the students' writ­
ten responses. He states that there tends to be a close 
interaction between causes; the same problem can produce 
different errors and the same error can originate from 
different problems. By examining only a student's written 
response, one is in danger of classifying an error into an 
inappropriate category because the hypothesized error was 
not the actual error made by the student. Ginsburg et al. 
(1983) recommend the use of an interview-based method in 
this type of situation.
The second stage of the investigation into the nature 
of calculus errors involved interviews with calculus stu­
dents. Due to some unforeseen scheduling constraints, it 
was not feasible to interview those students whose test 
papers had been used in the initial description and hypoth­
esis generation phase. A search for an alternative sample 
of participants was conducted. Subjects who participated in 
the interviews, conducted as part of the present study, were 
enrolled in Calculus I at the University of New Hampshire
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during the second summer session 1985. Any calculus course 
offered in one of the summer sessions at UNH is taught 
within a more traditional format than those offered during 
either of the fall or spring semesters. The pretest, testing 
center, tutoring room, and departmental final examination 
are not part of the normal summer session course. The re­
searcher was the instructor for the course and was thus able 
to guarantee that the unit tests had the same form and con­
tent as those used in the first phase of this error classi­
fication process.
Eight (two per unit) student volunteers participated in 
the interviews, all of which were conducted by the research­
er. The interviews were scheduled for the day following the 
examination. The focus of the interview was the student's 
test, his/her solution processes, and errors. Except for 
the fact that no point values were assigned during the 
course of the interview, the format of the interview was 
analogous to the grader-student sessions in the calculus 
testing center. The similarity of focus and format was 
intentional; it allowed the interviews to serve two pur­
poses. First, the protocols of these interviews gave in­
sights into student difficulties in calculus learning and 
served to expand and clarify the descriptions of the error 
categories. Second, the interviews served as a context in 
which techniques designed to foster student reflection and 
participation were piloted. Results from this aspect had 
implications for the development of grader preparation mate­
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rials .
The information gained from the phases summarized 
above--the investigation of existing classification schemes, 
the generation of hypotheses based on an examination of stu­
dent written solutions, and the use of student interviews 
to investigte these hypotheses--was organized into the 
error categories and descriptions shown below. The descrip­
tions were constructed to be consistent with the perspective 
on the nature of student errors presented in Chapter II.
This perspective is consistent with the constructivist phil­
osophy and states that the majority of errors are the result 
of reasonable attempts to adapt prior knowledge to a new 
situation (Matz, 1982). The given categories describe the 
nature of the connections which result when a student re­
lates any given problem to his/her prior knowledge and expe­
rience. The categories are not tied to any specific cal­
culus skill, such as calculating the derivative, but apply 
to a wide variety of problem situations. As such, the cate­
gories incorporate many of the themes of existing schemes 
and extend this work to a new content area. The categories 
and their subsequent descriptions are presented below. Gen­
eral statements of examples are included for clarification. 
More specific examples in each of the categories are pre­
sented in appendix A.
Wrong reconstruction of detail: Describes situations in 
which an appropriate algorithm is applied, but some 
piece of that algorithm is not reconstructed correctly 
by the student. In this case, the student has made an
117
appropriate connection between a problem and a solution 
procedure; the error occurs in the procedure. For exam­
ple, the algorithm may call for the subtraction of two 
quantities and in completing the problem, the student 
adds these quantities.
Wrong analogy type: Describes situations in which the 
student generalizes inappropriately from a previous 
content area or a previous example. A "student-invented 
algorithm" is the result. This algorithm is based on 
the student having changed a rule to fit a new situa­
tion. Typical of the invented algorithm which occurs 
in calculus is: "the derivative of a product is equal to 
the product of the derivatives." What is hypothesized 
to happen is that a student misinterprets or does not 
analyze how the algorithm works for a particular example 
and uses his/her minsinterpretation to solve any problem 
which has a similar form.
Mis identification: Describes situations in which the 
student ignores the constraints imposed on an algorithm 
and applies the algorithm in an inappropriate situation.- 
An inappropriate connection (identification) has been 
made between a problem and a procedure. The procedure 
employed is inappropriate only under certain conditions 
which the student has either forgotten or chosen to 
ignore. Typical constraints ignored in calculus are: 
this applies providing g(c) * 0, and this procedure is 
true for any non-zero integer.
Lack of connections (piecework): Describes a situation 
in which there are few and often inappropriate connec­
tions made between multiple representations and/or sub­
procedures in a given problem. Very often, the subpro­
cedures are appropriate, but they have either not been 
connected, or they have been connected in an inappropri­
ate way. The connections in this situation are within 
the problem solution itself and not between the problem 
and prior information. In most situations of this type, 
there is little evidence given in the written solution 
of an overall plan. The student tends to include every­
thing and has difficulty ruling out irrelevant informa­
tion and/or detecting inconsistencies.
Misinterpretation of symbols: Describes a situation 
m  which the student gives a symbol a different meaning 
from the conventional one. For example, the student in 
a given problem situation treats the radical index as an 
exponent. (The variety of notational schemes employed 
by the students in their solution processes was astound­
ing to this researcher.)
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Faulty computation: Describes a situation in which the 
algorithm applied is appropriate, but the student makes 
basic fact (arithmetic) and/or algebraic errors in car­
rying through with the procedure.
The above list of categories is not claimed to be comprehen­
sive, or even distinct. The categories simply attempt to 
describe systematic errors (Confrey & Lipton, 1985) made by 
a sample of first semester calculus students in solving cal­
culus test problems. The test questions investigated were 
fairly standard and algorithmic in nature. The main purpose 
of the categories was to serve as a focus for hypothesis 
generation and student questioning techniques to be utilized 
within a constructive grading format. As such, the catego­
ries will not be employed in any of the analyses of the 
present study. More specific examples are presented in 
appendix A. Some general comments about first semester cal­
culus errors and the exploration conducted in this study 
will be presented in Chapter VI.
Traditional grading environment. The setting for the 
present investigation is the calculus testing center at the 
University of New Hampshire (UNH). The individual grading 
sessions, which are a part of the testing process at UNH, 
form a vital part of the learning environment of a first 
semester calculus student. A key role in this learning en­
vironment is played by the undergraduate calculus graders. 
The individual grader's job is a complex one and requires 
the grader to perform a variety of tasks. During the course 
of a typical grading session, the grader assigns point val­
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ues to solutions, discusses correct or alternative solutions 
with the student, and fields a variety of student questions. 
Traditionally, this process has involved little student 
involvement. The focus of the grading session has been the 
correct solution as it is presented in the grading manual 
and there has been no explicit encouragement of student 
reflection on errors and solution processes. Graders are 
required to participate in a preparation program prior to 
the first try for each unit test. These preparation ses­
sions have traditionally reviewed calculus content and grad­
ing manual procedures. The present study investigates an 
alternative, a grading environment which fosters reflection 
and student participation. It is referred to as the con­
structive grading environment.
Format for a constructive grading environment. The 
constructivist perspective of the learning environment 
explicated in Chapter II and III, has implications for a 
learning/grading environment which seeks to promote reflec­
tion and communication between student and grader. The 
literature (Confrey,1984a; von Glasersfeld, 1983; Nussbaum & 
Novick, 1982; Pope & Gilbert, 1981) would suggest that any 
such grading environment should involve the active partici­
pation of both the grader and the student. One of the goals 
of the grading process should be the formation of a model of 
what the student is thinking, how he/she is viewing the 
problem, and what solution processes he/she is applying. 
Communication between grader and student plays a significant
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role. The communication helps the grader to clarify his/her 
model of the student's framework and aids the student in 
assessing the appropriateness of his/her individual concep­
tions and solution processes. Bauersfeld (1979) states that 
it is only in communication with others that a student can 
test the appropriateness of his/her constructs and correct 
his/her concept. From this point of view, the learning of 
mathematics is a negotiation of meaning for the student.
This perspective of the grading process requires the grader 
to be an active participant, constantly anticipating, inter­
preting, and testing his/her hypothesis about a student's 
constructions by questioning and providing potential prob­
lems (Confrey, 1984a). The grader does not provide the con­
structions for the students, but strucures the environment 
so as to provide opportunities for student evaluation, 
refinement, unification, and elaboration of his/her own 
constructions.
Instructional strategies designed to aid the student in 
developing self-awareness and reflective strategies were re­
viewed in Chapter III. Some of the strategies demonstrated 
methods for exposing student conceptions (Nussbaum & Novick, 
1982; Osborne & Gilbert, 1980; Pope & Gilbert, 1981). Others 
explored procedures for establishing a dialogue between 
teachers and students (Scott, 1973, 1977; Suchman, 1961) and 
inducing students to ask questions of themselves and others 
during the problem solving process (Blank & Covington, 1965; 
Wong, 1985). The role of the teacher in the instructional
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situations described by these studies is crucial (Confrey, 
1985; Gilbert, 1982; Scott, 1973). A review of these 
instructional strategies and the current literature in the 
areas of reflection and metacognition, has led to the devel­
opment of an understanding of the grading session as a 
teaching interview designed to foster student reflection. 
During such an interview, the grader must be alert and 
flexible, encouraging and challenging the student through 
questioning to focus on: 1) the problem statement, 2) the 
connections and assumptions, both appropriate and inappro­
priate, that he/she has utilized in solving each problem,
3) the errors that may be the result of inappropriate con­
nections and assumptions, and 4) examples which could poten­
tially lead to the construction of more adequate solution 
processes and understandings. A grading session based on 
this format differs from the more traditional one which 
directly presents students with the correct solution. Con­
sequently, its implementation requires an adjustment in the 
structure and content of the grader preparation sessions.
Design of constructive grader preparation materials.
Few models exist which outline strategies for teacher train­
ing that emphasize a constructivist perspective and explore 
the use of the above instructional strategies (Mundy et al., 
1983). To be consistent with the constructivist philosophy, 
any such model would necessarily need to provide the teacher 
trainees with opportunities to reflect and examine their own 
conceptions about teaching, learning, and the particular
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content area of interest (Gilbert, 1982; Stevens et al., 
1982; McAloon, 1979). In keeping with this philosophy and 
the goal of exploring a learning environment designed to 
promote student reflection, the following calculus grader 
preparation program was developed.
The major premise of the grader preparation program 
implemented in the present study is that the undergraduate 
calculus graders approach each grading session with their 
own conceptions about calculus, learning, and grading.
Based on this premise and a constructivist perspective of 
learning, the researcher developed activities designed to 
encourage graders to reflect on their own conceptions and to 
assimilate the notions of a constructivist learning environ­
ment explicated in Chapter II. The activities aim to foster 
the grader's commitment to a constructivist learning envi­
ronment and to aid each grader in providing and encouraging 
the opportunity for student reflection and active partici­
pation in the grading process. The major themes of the 
grader preparation sessions, and the activities used to fos­
ter them, are as follows:
Generating hypotheses. Actual student solutions were 
presented and the graders were asked, in a variety of 
settings, to generate as many hypotheses as possible 
regarding: the student's solution process, appropriate­
ness of solution, student assumptions, potential trouble 
spots if student continues using these assumptions, con­
nections the student was utilizing, similarity of solu­
tion to other situations, and sources of student errors.
Critical analysis of grading sessions. Audio and video­
taped "staged" grading sessions were developed by the 
researcher. Discussions of these "staged" sessions 
focused on the following aspects of a critical analysis;
123
the role of the grader and the student in a grading ses­
sion designed to foster reflection, the types of infor­
mation the grader was trying to obtain with various 
questions, the appropriateness and usefulness of the 
grader's probing questions, the amount of grader versus 
student participation, the quality of grader listening 
and follow-up, the establishment of an atmosphere of 
encouragement, grader flexibility, depth of student 
understanding, level of student commitment to his/her 
solution process, comparison of the "staged" session to 
what actually happens, and the assessment of the resolu­
tion of student difficulties.
Categorization of errors. Erroneous student solutions 
were preented. The graders were asked to describe gen­
eral categories into which the errors potentially could 
be grouped, by generating hypotheses about methods of 
solution and the connections being made by the student 
to previous content and/or procedures. The categoriza­
tion scheme developed by the researcher was presented to 
the graders and its relationship to their categorization 
was informally investigated. Graders worked in pairs and 
categorized a sample of calculus errors. It was empha­
sized that the important first step is to make an 
hypothesis which is then confirmed or altered based on 
observation of and further discussion with the student. 
The graders were asked to challenge each other and to 
give precise reasons for choosing a particular category.
Grader reflection. Throughout the preparation sessions 
and the entire semester, graders were encouraged to re­
flect upon their role in the calculus learning process. 
The specific activities included a discussion at the end 
of each preparation session which asked the graders: to 
summarize the session, to describe their present under­
standing of the constructive grading process, and to 
assess what they personally felt were the most difficult 
aspects of the process. Individual meetings with each 
of the graders who participated in this constructivist 
preparation program were scheduled during the required 
test week for each unit. During these individual meet­
ings, the researcher and the grader discussed an actual 
completed student test paper. The grader was asked to 
describe the grading session between himself/herself and 
the particular student in question, to describe general 
characteristics of student error patterns for the unit, 
and to assess his/her ability to ask questions which 
foster student reflection.
Questions used to focus this latter assessment 
together with other grader preparation materials are 
listed in appendix B.
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Experimental Design and Implementation
Students. The two experimental conditions were as fol­
lows: 1) a format for the student-grader session, which 
immediately follows the unit test, that focuses on student 
evaluation and reflection of his/her particular errors and 
solution processes; 2) a control condition following a for­
mat which involves the grader demonstrating the correct 
solution to the student with no explicit emphasis on reflec­
tion and student participation.
The two treatment subgroups were chosen at random from 
among four blocks of laboratory periods: Monday afternoon, 
Tuesday afternoon, Wednesday afternoon, and Thursday after­
noon. This random selecion resulted in the students in 
Monday afternoon labs being assigned to treatment condition 
(1) and Tuesday afternoon labs to treatment condition (2), 
the control.
Each participant in the study was administered an alge­
bra and trigonometry pretest during the regularly scheduled 
pretest periods at the beginning of the semester.
Subjects were notified prior to the required week of 
testing for Unit 1 that "this semester an evaluation of the 
grading process will take place in the calculus testing cen­
ter" and that as part of that process, they would be "asked 
to fill out an evaluation at the end of certain grading 
sessions." During each week of testing, a random sample of 
the subjects in each laboratory period were asked to volun-
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tarily complete an evaluation questionnaire. The method of 
randomization employed guaranteed that the subgroups were 
distinct from week to week and that every subject had a 
chance to complete the evaluation during the course of the 
semester.
The subjects in both treatment conditions followed all 
the normal calculus testing center operating procedures. 
Testing center procedures involving the random assignment of 
a student to a grader, once he/she has finished the unit 
test, was not altered by this investigation and thus the 
naturalistic environment was maintained.
At the time the "first try" on Unit 4 was administered, 
a Student Reflection Attitude Scale was administered to all 
students in each group. All subjects were administered the 
departmental final examination during the regularly sched­
uled final examination period.
Graders. The inflexibility of the undergraduate grad­
ers' class and alternate work schedules made it impossible 
to randomly assign graders to laboratory times. Tradition­
ally, graders submit a list of the times that they are able 
to work and they are scheduled based on laboratory enroll­
ments and availability. The design of the present study 
necessitated a restriction. Graders scheduled to work Mon­
day afternoons were not scheduled to work Tuesday afternoons 
and vice versa. This arrangement guaranteed two distinct 
subgroups of graders: one to serve as the graders for the 
treatment condition and the other for the control.
126
Each group of graders participated in a mandatory, two- 
hour, preparation session prior to their first grading 
assignment for each of the Units 1, 2, 3, and 4. These 
preparation sessions consisted of a review of the calculus 
content contained in the unit, a discussion of the grading 
manual and partial credit procedures, and the practice grad­
ing of an actual completed test paper. During the first two 
weeks of the semester, prior to the required testing for 
Unit 1, the treatment graders were required to participate 
in an additional six hours (three two-hour sessions) of 
training. The goals and activities of these sessions were 
outlined in the previous section on the design of grader 
preparation materials.
Each of the treatment graders received a special grad­
ing notebook which contained a description of the error 
categories, an outline of the constructive grading format, 
and reflective questions. To maintain consistency and to 
control for contamination, all training sessions were segre­
gated by experimental condition and the researcher served as 
the instructor for all sessions.
Graders in each group were administered a Grader 
Reflection Attitude Scale at the close of the semester.
Instrumentation
Algebra/Trigonometry Pretest. The pretest used in the 
present study is one which, since the fall of 1978, has been 
administered to all students enrolled in Calculus I at the
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University of New Hampshire. The test consists of 41 multi­
ple-choice items and is a composite of two tests published 
by the Mathematical Association of America (1977). The test 
covers algebra and trigonometry content. The algebra sec­
tion of the test consists of 25 question and the trigonom­
etry section consists of 16 questions. The students are 
given 60 minutes to complete the test. A reliability coef­
ficient of .75 was estimated for the entire test, based on 
the entire class, using Kuder-Richardson technique (Popham, 
1975). The reliability coefficients for algebra and trigo­
nometry subtests, using the same technique, are estimated to 
be .93 and .50 respectively. Descriptive statistics for PRE­
TEST by college for the entire calculus I class, fall 1985, 
are presented in table 1.
Calculus Unit Tests. Student unit test scores were used 
to investigate potential treatment effects between "first 
and second try." Each unit test contained five multiple- 
part, free-response problems covering the topics presented 
in that particular unit. These topics were described ear­
lier in this chapter. The means on each unit test for the 
entire calculus I class, fall 1985, are as follows: Unit 1 
(N = 816, M = 80.91), Unit 2 (N = 818, M = 62.91), Unit 3 
(N = 791, M = 71.84), and Unit 4 (N = 730, M = 64.15).
Calculus I Final Examination. Following normal depart­
mental procedure, all subjects in the study were adminis­
tered the common calculus final examination at the end of 
the fall semester in 1985. The calculus final examination is
Table 1
Descriptive Statistics for PBBTE3T by COLLEGE, Entire CalculuB I Class, Senester I, 1985-1986
Entire Test Algebra Subtest Trigononetry Subtest
College n M SD Bange n SD Bange H SD Bange
Engineering and Physical 391 23.726 5.907 8-39 16.701 4.177 5-25 7.026 2.577 1-16
Sciences
Liberal Arts 226 21.168 6.064 5-38 15.071 4.335 4-24 6.097 2.731 0-15
Life Sciences and 127 19.496 6.164 7-32 13.921 4.333 5-23 5.575 2.521 0-11
Agriculture
Health Studies 12 22.083 6.097 12-31 15.500 3.802 8-22 6.583 2.968 2-10
Vhittenore School of 81 23.222 5.771 8-35 16.790 4.002 7-24 6.432 2.757 0-12
Business A Economics
Thoipson School 1 0.000 0.000 18-18 0.000 0.000 13-13 0.000 0.000 5- 5
Division of Continuing 22 20.318 6.729 4-31 14.727 4.997 4-22 5.591 2.667 0-11
Education
Entire Class 867 22.251 6.216 4-39 15.792 4.373 4-25 6.459 2.697 0-16
Note: A student needs 13 correct answers on the algebra section and 7 correct 
answers on the trigononetry section in order to pass the pretest. 128
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a 40-item, multiple-choice test covering the content in 
Units 1 - 4 .  The mean on the final examination for the 
entire calculus I class (N = 721), fall 1985, was 22.83.
The questions on the final examination tend to emphasize 
more theoretical aspects and require more synthesis of 
course content than do typical unit test questions.
Student Reflection Attitude Scale. For the purpose 
of investigating the relationship between student reflec­
tion and such factors as college-choice, sex, and calculus 
achievement, a student reflection attitude scale was devel­
oped by the researcher and administered to all subjects in 
both grading groups during the required testing week for 
Unit 4. The scale consists of two open-ended questions and 
a 20-item Likert Scale. Questions were designed to measure 
student tendency to reflect, test taking procedures, and 
student perception of the grading process. A copy of the 
student reflection attitude scale is given in appendix C.
Grader Reflection Attitude Scale. A grader reflection 
attitude scale was developed by the researcher and adminis­
tered to all graders at the close of the fall semester 1985. 
This grader reflection attitude scale served two purposes:
1) as a measure of the extent of grader assimilation of the 
concept of a constructive grading environment, and 2) as a 
description of grader traits which serve to differentiate 
between graders who participated in the additional prepara­
tion sessions, which emphasized error analysis and student 
reflection, and those who did not. This latter aspect will
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be helpful in substantiating the distinction in treatment 
conditions necessary in any interpretation of the results.
The scale consists of seven questions, two free- 
response and five with a rank ordering format. A copy 
of the grader reflection scale is given in appendix C.
Summary
The study described here represents an attempt to 
investigate the nature of student difficulties in a first 
semester calculus course. The setting for the study was the 
calculus testing center at the University of New Hampshire.
A categorization for a sample of student calculus errors 
was proposed. This categorization, the constructivist per­
spective on learning, and research on instructional strate­
gies designed to promote reflection, influenced the devel­
opment of grader preparation materials. Questions regarding 
the relationship between these materials, the grading envi­
ronment established by their implementation, and the factors 
of sex, college, student reflection, and calculus achieve­
ment, were investigated. The analyses performed to test the 
specific research hypotheses generated by these questions 
are reported in Chapter V.
CHAPTER V
ANALYSES AND RESULTS
The analyses conducted in the present study will be re­
ported in several stages. First, descriptive information on 
all experimental variables for both treatment groups (con­
structive, control) will be reported. Second, the detailed 
analyses conducted to investigate the specific research 
questions posed in Chapter I will be presented. The abbre­
viations used for various variable names throughout the 
following discussion are given below.
Measures :
PRETEST: The score on the Algebra/Trigonometry pre­
test consisting of 25 algebra questions and 
16 trigonometry questions.
UNTS1: The score on the first try of the Nth Unit
Test (N=l,2,3,4) consisting of five free 
response questions.
UNTS2: The score on the second try of the Nth Unit
Test (N=l,2,3,4) consisting of five free
response questions.
UNTS: The score on the final try of the Nth Unit
Test (N=l,2,3,4). This score is the stu­
dent's "official" score for that unit, used 
in calculating final averages.
FINAL: The score on the 40-item multiple-choice
final examination.
ROUT: The score on a subset (31 out of 40) of the
final examination items which have been 
classified as routine.
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NROUT: The score on a subset (9 out of 40) of the
final examination items which have been 
classified as nonroutine.
SRAS: Student reflection attitude scale.




COLLEGE: CEPS: Student is enrolled in the College 
of Engineering and Physical Sciences. 
NONCEPS: Student is not enrolled in the 
College of Engineering and Physical 
Sciences.
SEX: MALE, FEMALE.
All descriptive statistics and analyses reported in 
this chapter were carried out by means of the statistical 
programs MINITAB II (Release 81.1), SPSS, (Version M, 
Release 9.1), and SPSS-X (Release 1.0A) as implemented on 
the DEC 10 at the Universtity of New Hampshire.
Descriptive Statistics 
Several sets of descriptive statistics relevant to the 
present study will be presented in this section. These des­
criptive statistics include information on testing patterns, 
sample means and standard deviations, and Pearson product- 
moment correlations for all pairs of measures. Results of 
this descriptive analysis will be referred to during the 
discussion of the specific research questions.
The first set of descriptive statistics presented con­
cerns the first and second try on a given unit test. For
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each unit, three subgroups of students arise naturally as a 
result of the structure of the calculus testing program at 
the University of New Hampshire. There is a group of stu­
dents who take only the first try on a particular unit, a 
group of students who only take the second try, and finally, 
a group of students who take both the first and the second 
try. The proportion of students in each of these groups by 
experimental condition (GF) is presented in table 2, by 
SEX in table 3, and by COLLEGE in table A.
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Table 2
Test Taking Patterns for UNTS (N = 1,2,3,41 by 
GRADING FORMAT
Test First Try Only Second Try Only Both Trys
CONSTRUCTIVE
U1TS (116)a 45 (38.8) 2 (1.7)b 69 (59.5)
U2TS (116) 20 (17.2) 16 (13.8) 80 (69.8)
U3TS (116) 24 (20.7) 18 (15.5) 74 (63.8)
U4TS (116) 19 (16.4) 18 (15.5) 79 (68.1)
CONTROL
U1TS (100) 31 (31.0) 0 (0.0) 69 (69.0)
U2TS (100) 12 (12.0) 9 (9.0) 79 (79.0)
U3TS (100) 20 (20.0) 13 (13.0) 67 (67.0)
U4TS (100) 16 (16.0) 16 (16.0) 68 (68.0)
Numbers in parenthesis indicate number of subjects 
in each group.
^Numbers in parentheses represent percentages.
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Table 3
Test Taking Patterns for UNTS (N = 1,2,3,A) by SEX
Test First Try Only Second Try Only Both Trys
MALE
U1TS (115) a 42 (36.5) 2 (1 . 7 )b 71 (61.7)
U2TS (115) 23 (20.0) 14 (12.1) 78 (67.8)
U3TS (115) 23 (20.0) 21 (18.3) 71 (61.7)
U4TS (115) 17 (14.8) 21 (18.3) 77 (66.9)
FEMALE -
U1TS (101) 34 (33.7) 0 (0.0) 67 (66.3)
U2TS (101) 9 (8.9) 11 (10.9) 81 (80.2)
U3TS (101) 21 (20.8) 10 (10.0) 70 (69.3)
U4TS (101) 18 (17.8) 13 (12.9) 70 (69.3)
aNumbers in parenthesis indicate number of subjects 
in each group.
^Numbers in parentheses represent percentages.
136
Table 4
Test Taking Patterns for UNTS (N = 1,2,3,4) by COLLEGE
Test First Try Only Second Try Only Both Trys
CEPS
U1TS (86)a 31 (36.0) 1 (1. 2)b 54 (62.8)
U2TS (86) 13 (15.1) 6 (7.0) 67 (77.9)
U3TS (86) 23 (26.7) 11 (12.8) 52 (60.5)
U4TS (86) 14 (16.3) 13 (15.1) 59 (68.6)
NONCEPS
U1TS (130) 45 (34.6) 1 (0.8) 84 (64.6)
U2TS (130) 19 (14.6) 19 (14.6) 92 (70.8)
U3TS (130) 21 (16.2) 20 (15.4) 89 (68.5)
U4TS (130) 21 (16.2) 21 (16.2) 88 (67.7)
aNumbers in parenthesis indicate number of subjects 
in each group.
^Numbers in parentheses represent percentages.
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Secondly, sample means and standard deviations were 
computed for all measures. This information is contained in 
table 5.
The same information was computed separately for 
grading format (CONSTRUCTIVE, CONTROL) table 6, for SEX 
(MALE, FEMALE) table 7, and for COLLEGE (CEPS, NONCEPS) 
table 8.
A table of means for the eight groups, SEX x COLLEGE x 
GF are presented in appendix D via a table that better 
reflects the structure of the design.
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Table 5
Means and Standard Deviations for All Subjects ad All
Measures
Measure3 n M SD
PRETEST (41) 215b 23.921 5.806
U1TS (100)
U1TS1 (100) 214 72.187 20.042
U1TS2 (100) 139 80.942 12.944
U2TS (100)
U2TS1 (100) 191 52.335 21.273
U2TS2 (100) 182 64.601 19.472
U3TS (100)
U3TS1 (100) 184 60.234 21.857 '
U3TS2 (100) 166 71.452 18.571
UATS (100)
U4TS1 (100) 182 53.253 23.071
U4TS2 (100) 176 63.756 19.616
FINALC (40) 216 23.380 7.471
NROUT (9) 208 4.245 1.806
ROUT (31) 208 19.188 6.049
aNumbers in parentheses indicate maximum possible scores.
^Pretest information was not available for one male in
the constructive group from CEPS.
Final examination distractor choice information used to
compute NROUT and ROUT was not available for 8 subjects




Means and Standard Deviations for All Subjects and All 
Measures by GRADING FORMAT
GRADING FORMAT
CONSTRUCTIVE CONTROL
Measure n M SD n M SD
PRETEST 115 24.165 5.853 100 23.640 5.767
U1TS1 116 84.319 13.612 100 82.400 12.795
U1TS1 114 73.570 20.490 100 71.240 19.158
U1TS2 70 82.457 11.946 69 79.406 13.800
U2TS 116 65.422 22.751 100 65.520 17.846
U2TS1 100 54.360 21.679 91 50.110 20.709
U2TS2 94 64.766 21.819 88 64.466 16.728
U3TS 116 73.371 19.870 100 69.710 22.972
U3TS1 98 61.867 21.639 87 57.701 22.832
U3TS2 88 73.193 16.858 78 69.487 20.301
U4TS 116 65.698 21.958 100 61.360 24.256
U4TS1 98 57.806 21.639 84 47.940 23.674
U4TS2 96 63.167 21.266 80 64.462 17.539
FINAL 116 24.328 7.242 100 22.280 7.617
NROUT 113 4.425 1.736 95 4.053 1.876
ROUT 113 19.867 6.111 95 18.295 6.065
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Table 7





n M SD n M SD
PRETEST 114 24.246 5.804 101 23.554 5.815
U1TS1 115 82.696 14.687 101 84.267 11.397
U1TS1 113 72.540 20.550 101 72.416 19.174
U1TS2 72 79.625 13.264 67 82.358 12.536
U2TS 115 65.052 21.430 101 64.951 19.684
U2TS1 101 54.198 22.069 90 50.244 20.262
U2TS2 91 63.066 20.284 91 66.176 18.606
U3TS 115 71.861 20.539 101 71.465 22.419
U3TS1 94 62.394 21.905 91 57.341 22.421
U3TS2 89 70.618 18.449 77 72.416 18.828
U4TS 115 64.835 23.966 101 62.386 22.115
U4TS1 94 53.330 23.212 88 53.170 23.052
U4TS2 94 65.904 18.982 82 61.293 20.152
FINAL 115 24.278 7.725 101 22.356 7.071
NROUT 110 4.482 1.816 98 4.000 1.770
ROUT 110 19.973 6.196 98 18.306 5.784
141
Table 8





n M SD n M SD
PRETEST 85 24.647 6.175 130 23.446 5.524
UlTSl 86 82.977 10.692 130 83.731 10.419
U1TS1 85 72.624 22.017 129 72.388 18.402
U1TS2 54 80.537 16.098 85 81.200 10.563
U2TS 86 67.733 21.644 130 63.200 19.730
U2TS1 80 54.825 20.408 111 50.541 21.791
U2TS2 73 66.452 22.179 109 63.394 17.427
U3TS 86 73.919 21.016 130 70.192 21.585
U3TS1 75 64.707 21.800 110 56.636 22.046
U3TS2 63 71.000 21.535 103 71.728 16.643
U4TS 86 69.209 22.630 130 60.038 22.760
U4TS1 73 57.027 22.150 109 50.725 23.428
U4TS2 69 70.623 17.957 10 ' 59.327 19.440
FINAL 86 25.756 6.700 130 21.808 7.383
NROUT 84 4.726 1.819 124 3.935 1.733
ROUT 84 21.107 5.850 124 17.887 5.854
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Pearson product-moment coefficients were computed for 
all pairs of measures for the entire sample (table 9), for 
the entire sample by GRADING FORMAT (table 10), for the 
entire sample by SEX (table 11), and finally for the entire 
sample by COLLEGE (table 12). Many of these correlations 
proved to be significantly different from 0 at the .05 
level.
Table 9
LAJi i c X a  1. 1 (ills nlllUIlK /VLX IrOliS Ui U H l  L i C Q  L>SS| rilial CiACUUlIltttlUlI i CUlLL t 1 C  L e o  L f HI X OUUJCv^ Lb
Measure U I T S 1 U I T S 2 U 2 T S 1 U 2 T S 2 U 3 T S 1 U 3 T S 2 U 4 T S 1 U 4 T S 2  F I N A L
U 1 T S 2 0 . 7 4 2 2  
( 138)
U 2 T S 1 0 . 6 8 8 7  
( 190)
0 . 4 7 8 4  
( 123)
U 2 T S 2 0 . 6 1 3 8  
( 180)
0 . 5 9 1 3  
( 122)
0 . 6 6 0 2  
( 159)
U 3 T S 1 0 . 6 0 2 7  
( 183)
0 . 4 8 6 5  
( 116)
0 . 6 4 8 5  
( 171)
0 . 5 4 3 2  
( 157)
U 3 T S 2 0 . 5 6 0 6  
( 165)
0 . 5 6 0 9  
( 118)
0 . 5 1 9 5  
( 143)
0 . 5 1 5 0  
( 144)
0 . 7 2 1 0
141)
U 4 T S 1 0 . 5 5 2 1  
( 180)
0 . 4 3 8 4  
( 114)
0 . 6 5 2 7  
( 168)
0 . 4 8 8 4  
( 156)
0 . 6 3 6 5
165)
0 . 5 8 6 7  
( 138)
U 4 T S 2 0 . 5 7 2 6  
( 174)
0 . 5 2 9 3  
( U 6 )
0 . 5 4 1 4  
( 154)
0 . 6 0 5 2  
( 154)
0 . 6 1 5 7
151)
0 . 5 7 6 5  
< 142)
0 . 6 4 8 3  
( 147)
F I N A L 0 . 6 1 2 2  
( 214)
0 . 5 8 6 1  
( 139)
0 . 6 7 9 4  
( 191)
0 . 5 8 9 2  
( 182)
0 . 6 0 7 3
185)
0 . 6 2 3 3  
( 166)
0 . 6 3 1 8  
( 182)
0 . 7 0 4 2  
( 176)
P R E T E S T 0 . 2 2 8 0  
( 214)
0 . 1 9 9 6  
( 139)
0 . 3 0 2 8  
( 191)
0 . 2 8 8 5  
( 182)
0 . 2 0 5 7
185)
0 . 1 5 1 3  
( 166)
0 . 1 6 5 5  
( 182)
0 . 2 2 5 9  0 . 3 5 3 1  
( 176) ( 216)
Note: The number of pairs used in calculating each correlation coefficient are given in 
parentheses.
All correlations significantly different from 0, p < .03.
Table 10
Correlations Among All Pairs of Unit Tests. Final Exam, and Pretest, by GRADING FORMAT


















































































































































































( 98) ( 96)
0.3365 
( 116)
** nonsignificant p > .10
Table 11
Correlations Among All Pairs of Unit Tests, Final Exam, and Pretest, by SEX

























































































































































































Correlations Among All Pairs of Unit Tests, Final Exam, and Pretest, bv nou.KQF.


















































































































































































( 73) ( 69)
0.3239 
( 86)
* nonsignificant j) > .05 
** nonsignificant 2 > *10
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Investigation of Research Questions
The research problem outlined in Chapter I concerns the
effects of treatment condition (a grading session format 
based on a constructivist perspective of learning and fos­
tering student reflection, and a control) upon several post­
treatment measures: "second try" calculus unit test scores, 
calculus unit test scores, routine and nonroutine subscores, 
and calculus final examination scores. The effects of 
treatment upon first semester calculus student response pat­
terns on multiple-choice final examination questions and 
questions measuring student tendency to reflect, test-taking' 
procedures, and student perception of the grading process 
were also investigated. In addition, an analysis of grader 
response patterns to similar questions measuring grader ten­
dency to reflect, grading procedures, and grader perception
of the grading process, was conducted. Pretreatment meas­
ures were taken for both experimental groups on precalculus 
background.
For the majority of the analyses, a 2 x 2 x 2 factorial 
design was employed. The levels of the first factor, GF 
(treatment condition), were CONSTRUCTIVE(treatment) and CON­
TROL. The levels of the second factor, SEX, were MALE and 
FEMALE. The third factor, COLLEGE, also had two levels, en­
rolled in the College of Engineering and Physical Sciences 
(CEPS) and not enrolled in the College of Engineering and 
Physical Sciences (NONCEPS). The analyses conducted to in­
151
vestigate possible main effects of and interactions between 
these factors, within the context of the research questions 
stated in Chapter I, will be presented in the following 
sections.
An outline of the research questions and the major 
types of analysis used to investigate each question is pre­
sented below. For purposes of discussion, several of the 
research questions have been grouped together. Each of the 
analyses presented will be discussed in detail in the fol­
lowing sections.
Question 1? 2,3: This set of questions involves the 
investigation of the effects of three factors, grading 
format, sex and college, on "second try" calculus unit 
test scores, unit test scores, calculus final exam 
scores, and routine/nonroutine subscores on a calculus 
final exam.
Analyses: 1) sequence of univariate analyses of 
variance for each unit test score (first and second 
try) and calculus final exam score, 2) profile anal­
ysis of unit test scores (first and second try) for 
the subsample (n = 62) of students who took the 
first and second try for each unit test, 3) multi­
variate analysis of covariance of "official" unit 
test scores, and 4) multivariate analysis of vari­
ance of routine and nonroutine subscores.
Question 4 : Are there treatment effects in distractor 
choice patterns on a 40-item multiple-choice calculus 
final exam?
Analyses: log-linear analysis of distractor 
choice patterns.
Question 5,6,7: This set of questions involves the 
investigation of the effects of three factors, grading 
format, sex, and college, on student tendency to reflect 
and student perception of the grading process.
Analyses: 1) log-linear analysis of response pat­
terns on 20-item Likert scale, and 2) qualitative/ 
descriptive analysis of responses to open-ended 
questions.
Question 8 : Are there treatment effects in the response 
patterns of graders on questions measuring grader per­
ception of the grading process?
Analyses: 1) Wilcoxon rank sum statistic of the 
graders' rankings of statements, and 2) qualitative/ 
descriptive analysis of responses to open-ended ques­
tion .
Analysis of Variance of Each Unit Test Score (First and 
Second Try) and the Calculus Final Examination
The first analysis conducted was a series of three-way 
univariate analyses of variance, one for each of the unit 
test scores, U1TS1, U1TS2, U2TS1, U2TS2, U3TS1, U3TS2,
U4TS1, U4TS2, and FINAL. For each of these analyses the 
sample consisted of individuals from each experimental 
condition who had a score for that particular try. (Recall 
that a student is not required to take both trys on a given 
unit test.)
The SPSS ANOVA procedure employed in this analysis was 
the classical experimental approach for an unbalanced de­
sign. This analysis revealed significant ( a = .05) effects 
on U4TS1, U4TS2, and FINAL. The ANOVA table for each of the 
analyses, where significant differences were found, are pre­




Source SS 01 MS £ C
COLLEGE 1430.571 1 1430.571 2.771 0.098
SEX 326.429 1 326.429 .632 0.428
GRADING FORMAT 384-3.088 1 3843.088 7.444 0.007
COLLEGE x SEX 317.682 1 317.682 0.615 0.434
COLLEGE x GF 61.492 1 61.492 0.119 0.730
SEX x GF 20.845 1 20.845 0.040 0.841
COLLEGE x SEX 224.504 1 224.504 0.435 0.510
x GF
Error 89831.283 174 516.272
Note: This is an unbalanced designed and sums of square ar'e 
not additive.
Table 14
2 x 2 x 2  Analysis of Variance of UATS2 by COLLEGE, SEX, and 
GRADING FORMAT
Source SS 4i MS £ U
COLLEGE 4520.964 1 4520.964 12.989 0.000
SEX 3.421 1 3.421 0.010 0.921
GRADING FORMAT 207.669 1 207.669 0.597 0.441
COLLEGE x SEX 896.868 1 896.868 2.577 0.110
COLLEGE x GF 194.753 1 194.753 0.560 0.455
SEX x GF 2519.848 1 2519.848 7.240 0.008
COLLEGE x SEX 90.351 1 90.351 0.260 0.611
x GF
Error 58475.459 168 348.068
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Table 15
2 x 2 x 2  Analysis of Variance of FINAL by COLLEGE, SEX, and
GRADING FORMAT
Source SS df MS £ D
COLLEGE 561.147 1 561.147 10.683 0.001
SEX 13.226 1 13.226 0.252 0.616
GRADING FORMAT 156.485 1 156.485 2.979 0.086
COLLEGE x SEX 19.932 1 19.932 0.379 0.539
COLLEGE x GF 11.155 1 11.155 0.212 0.645
SEX x GF 21.460 1 21.460 0.409 0.523
COLLEGE x SEX
x GF 29.991 1 29.991 0.571 0.451
Error 10925.472 208 52.526
To assist in the interpretation of the nature of the
significant SEX x GF effect on U4TS2, the interaction is
presented graphically in Figure 5, following Table 16 which
contains cell means for U4TS2.
Table 16
Cell Means and Standard Deviations U4TS2
Treatment Condition n M SD
FEMALE
CONSTRUCTIVE 42 57.2143 22.5026
CONTROL 40 65.5750 16.5652
MALE
CONSTRUCTIVE 54 67.7963 19.2083






Figure 5. U4TS2 as a function of TREATMENT 
CONDITION and SEX.
Inspection of this figure suggests that on U4TS2, men 
outperformed women under the constructivist grading format 
while this was not true under the control condition. To 
investigate the relationship further, a multiple comparison 
test of differences in the means of the four groups was con­
ducted. The Student-Newman-Keuls procedure was used to con­
duct the test. A significant difference at the .05 level is 
present between the group of men in the constructive grading 
format and the group of women in constructive grading for­
mat .
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Profile Analysis for Subjects who took Both Trys on Each 
Unit Test
In order to investigate further the question of whether 
there are treatment effects upon "second try" calculus unit 
test scores, a multivariate profile analysis was performed on 
the subsample of subjects (n = 62) who took both first and 
second trys for each of the four units. A graphical repre­
sentation of the profiles for each of the eight groups, GF X 
COLLEGE X SEX, is presented in figure 6 following tables of 
the means and standard deviations for each group on all four 
unit tests (first and second try). Hotelling's T statis­
tic was used to test the hypothesis of parallelism of the 
profiles. The hypothesis could not be rejected at the .05 
level. Parallelism of the profiles suggests that any of the 
effects present in the previous analyses of the unit test 
scores (first and second try) conducted, for each try, on 
the appropriate larger sample of students is the the same 
between the units and the individual trys. This was not the 
case with the previous analyses. The different samples may 
help to explain the apparent contradiction.
157
Table 17
Means and Standard Deviations UNTS1 (N=l,2,3,4) and UNTS2 (N=l,2,3,4) 
for CONSTRUCTIVE Group by COLLEGE and SEX
CONSTRUCTIVE
CEPS NONCEPS
Measure n m SD n m SD
U1TS1 10 66.900 18.687 5 62.000 17.875
U1TS2 10 86.000 10.509 5 80.000 11.554
U2TS1 10 46.700 18.637 5 40.400 17.257
U2TS2 10 68.600 19.363 5 61.400 24.337
MALE
U3TS1 10 56.700 17.733 5 49.600 15.469
U3TS2 10 72.200 12.813 5 71.600 9.317
U4TS1 10 53.700 13.985 5 43.200 5.020
U4TS2 10 73.400 11.881 5 57.800 16.177
U1TS1 3 64.333 18.610 11 58.455 17.375
U1TS2 3 90.333 3.512 11 84.182 7.454
U2TS1 3 41.667 16.743 11 34.455 17.037
U2TS2 3 62.667 4.042 11 60.818 17.904
FEMALE
U3TS1 3 46.667 18.175 11 47.727 19.163
U3TS2 3 71.000 32.924 11 74.636 10.043
U4TS1 3 41.333 26.633 11 44.636 19.070
U4TS2 3 61.333 0.5774 11 56.546 15.162
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Table 18
* -«.w -W**W V*. *■ 9 — )




Measure n m SD n m SD
U1TS1 9 55.889 25.032 6 65.000 14.170
U1TS2 9 75.333 20.827 6 82.833 11.652
U2TS1 9 40.667 26.058 6 33.500 13.576
U2TS2 9 53.333 21.036 6 54.167 15.303 *
MALE
U3TS1 9 50.444 21.512 6 51.833 13.014
U3TS2 9 62.889 23.888 6 73.833 10.980
U4TS1 9 39.333 18.269 6 38.500 13.590
U4TS2 9 59.889 24.538 6 62.833 19.580
U1TS1 1 77.000 17 65.353 16.424
U1TS2 1 90.000 17 82.941 11.448
U2TS1 1 52.000 17 49.765 20.556
U2TS2 1 62.000 17 67.118 10.565
FEMALE
U3TS1 1 54.000 17 514717 15.832
U3TS2 1 84.000 17 75.471 13.380
U4TS1 1 64.000 17 45.647 23.662
















0 (FEMALE, NOCEPS, CONTROL)
1 (MALE, NONCEPS, CONTROL)
6 (FEMALE, CEPS, CONSTRUCTIVE)
3 (MALE, CEPS, CONTROL)
5 (MALE, NONCEPS, CONSTRUCTIVE)
4 (FEMALE, NONCEPS, CONSTRUCTIVE)
U1TS1 U1TS2 U2TS1 U2TS2 U3TS2 U3TS2 U4TS1 U4TS2




Multivariate Analysis of Covariance of U1TS, U2TS, U3TS, 
U4TS, and FINAL by COLLEGE, SEX, and GF, with Covariate 
PRETEST
In order to investigate the question of whether there 
are treatment effects on calculus unit test scores, a multi­
variate analysis was conducted with U1TS, U2TS, U3TS, U4TS, 
and FINAL serving as the vector of response variables. Re­
call that UNTS (N=l,2,3,4) designates each students "offi­
cial" (recorded) score on a particular unit test. The means 
and standard deviations for each of these measures appear by 
GF, SEX, and COLLEGE in Tables 6, 7 and 8 respectively.
A multivariate test of the parallelism hypothesis, 
using Wilk's A, was significant (£(5,203) = 6.37132, £ < 
.001) and so the hypothesis of parallel regression surfaces 
was rejected. This result implies that there is an inter­
action between the covariate, PRETEST, and some number of 
the independent variables.
Wilk’s was used to test the significance of each 
effect, COLLEGE, SEX, GF, COLLEGE X SEX, COLLEGE X GF, SEX X 
GF, COLLEGE X SEX X GF, in the model. COLLEGE was the only 
significant effect (£(5,203) = 4.23429, £ < .001). An exam­
ination of the univariate F-tests for the response variables 
suggests that U4TS (£(1,207) = 6.53349, £ < .011) and FINAL 
(£(1,207 = 12.21797, £ < .001) are the most significant 
contributors to the effect COLLEGE in the multivariate 
situation.
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Multivariate Analysis of Variance for NROUT and ROUT 
Subscores on FINAL
The significant effects found on FINAL were further 
investigated via a multivariate analysis of variance for 
NROUT and ROUT subscores. The means and standard deviations 
for each of these subscores have been presented in tables 
6, 7, and 8. First, a multivariate test of the assumption 
of homogeneity of within-cells dispersion matrices was con­
ducted. The test statistic, Box's M, was nonsignificant 
(£(21,12464) = 0.81287, £ > ,707). Thus the assumption of 
homogeneity was met. Wilk's A was used to test the signifi­
cance of each effect in the model. COLLEGE was the only 
significant effect which achieved significance (£(2,199) = 
6.45131, £ < .002). A result which fell just short of sig­
nificance was noted for the COLLEGE x GF interaction 
(£(2,199) = 2.30255, £ < .102). This interaction is repre­
sented graphically in Figure 7.
Two univariate analyses of variance were performed to 
investigate the significant effect of COLLEGE further.
These tests yielded a significant result for COLLEGE effect 
on both the NROUT (£(1,200) = 7.149, £ < .008) and ROUT 


















Figure 7. FINAL subscores as functions 
of COLLEGE and GF.
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Log-linear Analysis of Individual Final Examination 
Questions
A log-linear analysis of distractor choices on the 
40-item FINAL was conducted to investigate possible treat­
ment effects, treatment-by-SEX effects, and treatment-by- 
COLLEGE effects. The procedure involves arranging cross­
tabulations in a multi-way contingency table, followed by 
the specification of a number of "ANOVA-like" models appro­
priate to the research questions. Expected cell frequencies 
are generated by each "ANOVA-like" model and these are com­
pared to observed cell frequencies for goodness-of-fit. The 
most parsimonious model, that is, the most restricted model 
that still represents an adequate fit, is selected and 
interpreted in terms of main effects and interactions (Ken­
nedy, 1983) .
The present research involves the investigation of a 
4-way multi-dimensional contingency table, COLLEGE X SEX X 
GF X DISTRACTOR CHOICE, for each item on the final examina­
tion given to all subjects at the end of the semester. It 
is an asymmetrical inquiry since differences among groups on 
a response variable (distractor choice) are being investi­




Model No. Log-linear Logit Models
(0) A + C + S + GF + CS + C(GF) + S (GF) + CS(GF) + I
(1) A + c + s + GF + CS + C(GF) + S (GF) + CS(GF) + I
+ Cl
(2) A + c + s + GF + CS + C(GF) + S (GF) + CS(GF) + I
+ Cl + SI
(3) A + c + s + GF + CS + C (GF) + S (GF) + CS(GF) + I
+ Cl + SI + GF(I)
(4) A + c + s + GF + CS + C(GF) + S (GF) + CS(GF) + I
+ Cl + SI + GF(I) + CSI
(5) A + c + s + GF + CS + C(GF) + S(GF) + CS(GF) + I
+ Cl + SI + GF(I) + CSI + C(GF)I
(6) A + c + s + GF + CS + C (GF) + S (GF) + CS(GF) + I
+ Cl + SI + GF(I) + CSI + C(GF)I + S (GF)
(7) A + c + s + GF + CS + C (GF ) + S(GF) + CS(GF) + I
+ Cl + SI + GF(I) + C(GF)I + S (GF) + CS(GF )I
Note: Except for A., parameter estimates in log-linear mod­
els are designated by their respective effects; C: 
College, S: Sex, (GF): Grading Format, I: Response 
Variable-distractor choice.
A step-wise model building process was used to deter­
mine the best-fitting model for each of the 40 items. First, 
a goodness-of-fit test was performed on the null model (0) 
for each item to determine whether or not there is a signif­
icant residual discrepancy between expected frequencies of 
the null model and observed frequencies. A significant re­
sult would invite further analysis, while a nonsignificant 
result would suggest that that null model represents an ade­
quate fit of the observed frequencies. Acceptance of the
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null model as the best-fitting model implies that although 
there are differences in the distractor choices of individ­
uals in the sample, these differences cannot be explained by 
the factors investigated.
For 32 of the 40 final examination items, the goodness- 
of-fit test of the null model (0) was nonsignificant (£ < 
.06). Thus for these items the null model was accepted as 
the best-fitting model and no further analysis was complet­
ed. A table of these items and their respective £-values 
is presented in appendix E.
The eight items for which the null model was not ac­
cepted as the best-fitting model and for which further in­
vestigation was conducted, are also presented in appendix E. 
In order to determine which effects are most responsible for 
the significant residual discrepancy between expected fre­
quencies of the null model and observed frequencies, the 
remaining seven models in table 19 were fitted to the dis­
tractor choice data for each of the eight items. For each 
of the eight items, sampling 0's prevented definitive analy­
sis of all seven models. Sampling 0's occur when the over­
all sample is not large enough to include a representative 
of a particular cross-classification. Sampling 0's result 
in nonconvergence of the maximum likelihood estimators 
(ML's). Table 20 presents the last model for which the ML's 
converged, the mode’s likelihood ratio chi-square statistic, 
corresponding degrees of freedom, and significance proba­
bility for each of the eight items.
Table 20




3 X + C + S + GF + CS + C(GF) + S(GF) 41.78249 28 .045
+ CS(GF) + I
8 X C + S + GF + CS + C(GF) + S(GF) 28.36866 16 .029
+ CS(GF) + I + Cl + SI + (GF)I
14 X + C + S + GF + CS + C(GF) + S(GF) 30.15765 16 .006
+ CS(GF) + I + Cl + SI + (GF)I
18 X + C + S + GF + CS + C(GF) + S(GF) 6.66977 4 .154
+ CS(GF) + I + Cl + SI + (GF)I +CSI
+ C(GF)I + S(GF)I
27 X + C + S + GF + CS + C(GF) + S(GF) 26.71793 16 .045
+ CS(GF) + I + Cl + SI + (GF)I
28 X + C + S + GF + CS + C(GF) + S(GF) 22.66311 16 .123
+ CS(GF) + I + Cl + SI + (GF)I
30 X + C + S + GF + CS + C(GF) + S(GF) 18.06841 16 .320
+ CS(GF) + I + Cl + SI + (GF)I
32 X + C + S + GF + CS + C(GF) + S(GF) 17.67192 16 .343
+ CS(GF) + I + Cl + SI + (GF)I
Note: Order in which effects were entered is listed in Table 19.
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Contingency tables for distractor choices by COLLEGE, 
SEX, GF, and all levels of interactions, were constructed 
for each item and are presented in tables 21-28. (The 
item analysis for the entire class, calculus I, fall 1985, 
is presented in appendix E.) Although inconclusive, this 
tabulation provides some interesting insight into the 
effects of factors under investigation, suggests which fac­
tors might be contributing to the discrepancy, and suggests 
places for further investigation. This discussion will be 
pursued further in Chapter VI.
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Table 21
Contingency Table for Distractor Choice on Itei 3
Distractor Choice
Bffeet A B C D« B
COLLBGE1 
CBPS (84)i 37(44.0)' 0 (0.0) 7 (8.3) 35(41.7) 5 (6.0)
NONCBPS (124) 56(45.2) 7 (5.6) 11 (8.9) 27(21.8) 23(18.5)
SEX
HEN (111) 53(47.7) 2 (1.8) 7 (6.3) 37(33.3) 12(10.8)
HOHBN (97) 40(41.2) 5 (5.2) 11(11.3) 25(25.8) 16(16.5)
GRADING FORMAT (GF) 
CONSTRUCTIVE (113) 51(45.1) 3 (2.7) 12(10.6) 33(29.2) 14(12.4)
CONTROL (95) 42(44.2) 4 (4.2) 6 (6.3) 29(30.5) 14(14.7)
COLLBGB BY SBX‘
FEMALE CBPS (20) 10(50.0) 0 (0.0) 1 (5.0) 9(45.0) 0 (0.0)
FEMALB NONCBPS (77) 30(39.0) 5(71.4) 10(13.0) 16(20.8) 16(20.8)
HALE CBPS (64) 27(42.2) 0 (0.0) 6 (9.4) 26(40.6) 5 (7.8)
HALB NONCBPS (47) 26(55.3) 2 (4.3) 1 (2.1) 11(23.4) 7(14.9)
COLLBGB BY GFC 
CONSTRUCTIVB CBPS (49) 24(49.0) 0 (0.0) 5(10.2) 18(36.7) 2 (4.1)
CONSTRUCTIVB NONCBPS (64) 27(42.2) 3 (4.7) 7(10.9) 15(23.4) 12(18.8)
CONTROL CEPS (35) 13(37.1) 0 (0.0) 2 (5.7) 17(48.6) 3 (8.6)




Bffeet A B C D« B
SEX BY GF
CONSTRUCTIVE FBHALB (51) 22(43.1) 2 (3.9) 6(11.8) 13(25.5) 8(15.7)
CONSTRUCTIVB HALB (62) 29(46.8) 1 (1.6) 6 (9.7) 20(32.2) 6 (9.8)
CONTROL FBHALB (46) 18(39.1) 3 (6.5) 5(10.9) 12)26.1) 8(17.4)
CONTROL HALB (49) 24(49.0) 1 (2.0) 1 (2.0) 17(34.7) 6(12.2)
COLLBGB BY SBX BY GF
FBHALB CONSTBUCTIVB 
CBPS (13)
7(53.8) 0 (0.0) 0 1.0) 6(46.2) 0 (0.0)
FBHALB CONSTRUCTIVB 
NONCBPS (38) 15(39.5) 2 (5.3) 6(15.8) 7(18.4 8(21.1)
HALB CONSTRUCTIVB 
CBPS (36) 17(47.2) 0 (0.0) 5(13.9) 12(33.3) 2 (5.6)
HALB CONSTRUCTIVB 
NONCBPS (26) 12(46.2) 1 (3.8) 1 (3.8) 8(30.8) 4(15.4)
FBHALB CONTROL CBPS (7) 3(42.9) 0 (0.0) 1(14.3) 3(42.9) 0 (0.0)
FBHALB CONTROL NON- 
CEPS (39) 15 (38.5) 3 (7.7) 4(10.3) 9(23.1) 8(20.5)
HALB CONTROL CBPS (28) 10(35.7) 0 (0.0) I (3.6) 14(50.0) 3(10.7)
HALB CONTROL NON- 
CBPS (21) 14(66.7) 1 (4.8) 0 (0.0) 3(14.3) 3(14.3)
Note: 1 designates correct choice 'CONTROL; £ < .05
< .002 ‘Nuibers in parentheses designate nuiber
of subjects in group
‘PBHALBS; ji < .05
•Nuibers in parentheses represent percentages
HALBS; p. < .05
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Table 22
Contingency Table for Distractor Choice on Itei 8
Distractor Choice
Bffeet A B« C D E
COLLBGB 
CBPS (84)‘ 8 (9.5)' 56(56.7) 3 (3.6) 10(11.9) 7 (8.3)
NONCBPS (124) 9 (7,3) 71(57.3) 6 (4.8) 24(19.4) 14(11.3)
SB!
HBN (111) 8 (7.2) 71(64.0) 3 (2.7) 19(17.1) 10 (9.0)
NOHEN (97) 9 (9.3) 56 (5.8) 6 (6.2) 15(15.5) 11(11.3)
GRADING FORHAT (GF) 
CONSTRUCTIVB (113) 8 (7.1) 69(61.1) 8 (7.1) 19(16.8) 9 (8.0)
CONTROL (95) 9 (9.5) 58(61.1) 1 (1.1) 15(15.8) 12(12.6)
COLLBGB BY SEX*
FBHALB CBPS (20) 3(15.0) 16(80.0) 1 (5.0) 0 (0.0) 0 (0.0)
FBHALB NONCBPS (77) 6 (7.8) 40(51.9) 5 (6.5) 15(19,5) 11(14.3)
HALE CBPS (64) 5 (7,8) 40(62.5) 2 (3.1)) 10(15.6) 7(10.9)
HALB NONCBPS (47) 3 (6.4) 31(65.9) 1 (2.1) 9(19.1) 3 (6.4)
COLLBGB BY GF'
CONSTRUCTIVB CBPS (49) 3 (6.1) 37(75.5) 2 (4.1) 5(10.2) 2 (4.1)
CONSTRUCTIVB NONCBPS (64) 5 (7.8) 32(50.0) 6 (9.4) 14(21.91 7(10.9)
CONTROL CBPS (35) 5(14.3) 19(54.3) 1 (2.9) 5(14.3) 5(14.3)
CONTROL NONCEPS (60) 4(6.7) 39(65.0) 0(0.0) 10(16.7) 7(11.7)
Table 22, continued
Distractor Choice
Bffect A B‘ C D B
SBX BY GF
CONSTRUCTIVE FBHALB (51) 4 (7.8) 28(54.9) 6(11.8) 8(15.7) 5 (9.8)
CONSTRUCTIVB HALB (62) 4 (6.5) 41(66.1) 2 (3.2) 11(17.7) 4 (6,5)
CONTROL FBHALB (46) 5(10.9) 28(60.9) 0 (0.0) 7(15.2) 6(13.0)
CONTROL HALB (49) 4 (8.2) 30(61.2) 1 (2.0) 8(16,3) 6(1212)
COLLBGB BY SBX BY GF
FBHALB CONSTRUCTIVB 
CBPS (13) 2(15.4) 10(76.9) 1 (7.7) 0 (0.0) 0 (0.0)
FBHALB CONSTRUCTIVB 
NONCEPS (38) 2 (5.3) 18(47.4) 5(13.2) 8(21.1) 5(13.2)
HALB CONSTRUCTIVB 
CBPS (36) 1 (2.8) 27(75.0) 1 (2.8) 5(13.9) 2 (5.6)
HALB CONSTRUCTIVB 
NONCBPS (26) 3(11.5) 14(53.8) 1 (3.8) 6(23.1) 2 (7.7)
FBHALB CONTROL CBPS (7) 1(14.3) 6(85.7) 0 (0.0) 0 (0.0) o (0.0)
FBHALB CONTROL NON­
CBPS (39) 4(10.3) 22(56.4) 0 (0.0) 7(17.9) 6(15.4)
HALB CONTROL CBPS (28) 4(14.3) 13(46.4) 1 (3.6) 5(17.9) 5(17.9)
HALB CONTBOL NON­
CBPS (21) 0 (0.0) 17(81.01 0 (0.0) 3(14.3) 1 (4.8)
•FBHALB; b. < .05 Note: ‘Designates correct choice
‘Nuibers in parentheses designate nuiber 
of subjects in group
cNuibers in parentheses represent percentages
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Table 23
Contingency Table for Distractor Choice on Itei 14
Distractor Choice
Effect A B C D* E
COLLBGB 
CBPS (84)» 33(39.3)' 2 (2.4) 4 (4.8) 44(52.4) 1 (1.2)
NONCEPS (124) 55(44.4) 5(4.0)) 5 (4.0) 53(42.7) 6 (4.8)
SB!
MEN (ill) 42(37.81 2 (1.8) 4 (3.6) 61(55.0) 2 (1.8)
NOHEN (97) 46(47.4) 5 (5.2) 5 (5.2) 36(37.1) 5 (5.2)
GRADING FORMAT (GF) 
CONSTRUCTIVB (lit) 47(41.6) 2 (1.8) 5 (4.4) 56(49.6) 3 (2.7)
CONTROL (95) 41(43.2) 5 (5.3) 4 (4.2) 41(43.2) 4 (4.2)
COLLBGB BY SB!
FBHALB CBPS (2D) 9(45.0) 0 (0.0) 1 (5.0) 9(45.0) 1 (5.0)
FBHALB NONCBPS (77) 37(48.1) 5 (6.5) 4 (5.2) 27(35.1) 4 (5.2)
HALE CBPS (64) 24(37.5) 2 (3.1) 3 (4.7) 35(54.7) 0 (0.0)
HALB NONCBPS (47) 18(38.3) 0 (0.0) 1 (2.1) 26(55.3) 2 (4.3)
COLLBGB BY GF 
CONSTRUCTIVB CBPS (49) 20(40.8) 0 (0.0) 2 (4.1) 27(55.1) 0 (0.0)
CONSTRUCTIVB NONCBPS (64) 27(42.2) 2 (3.1) 3 (4.7) 29(45.3) 3 (4.7)
CONTROL CBPS (35) 13(37.1) 2 (5.7) 2 (5.7) 17(48.6) 1 (2.9)




Effect A B C D* B
SB! B! GF'
CONSTRUCTIVE FBHALB (51) 25(49.0) 2 (3.9) 3 (5.9) 18(35.3) 3 (5.9)
CONSTRUCTIVB HALB (62) 22(35.5) 0 (0.0) 2 (3.2) 38(61.3) 0 (0.0)
CONTROL FBHALB (46) 21(45.7) 3 (6,5) 2 (4.3) 18(39.1) 2 (4.3|
CONTROL HALB (49) 20(40.8) 2 (4.1) 2 (4.1) 23(46.9) 2 (4.1)
COLLBGB BY SEX BY GF
FBHALB CONSTRUCTIVB 
CBPS (13| 9(69.2) 0 (0.0) 1 (7.7) 3(23.1) 0 (0.0)
FBHALB CONSTRUCTIVB 
NONCBPS (38) 16(42.1) 2 (5.3) 2 (5.3) 15(39.5) 3 (7.9)
HALB CONSTRUCTIVB 
CBPS (36) 11(30.6) 0 (0.0) 1 (2.8) 24(66.7) 0 (0.0)
HALB CONSTRUCTIVB 
NONCBPS (26) 11(42.3) 0 (0.0) 1 (3.8) 14(53.8) 0 (0.0)
FBHALB CONTROL CBPS (7) 0 (0.0) 0 (0.0) 0 (0.0) 6 (85.7) 1(14.3)
FBHALB CONTROL NON­
CBPS (39) 21(53.8) 3 (7.7) 2 (5.1) 12(30.8) 1 (2.6)
HALB CONTROL CBPS (21) 13(46.4) 2 (7.1) 2 (7.1) 11(39.3) 0 (0.0)
HALB CONTROL NON­
CBPS (21) 7(33.3) 0 (0.0) 0 (0.0) 12(57.1) 2 (9.5)
'CONSTRUCTIVE; £ < .05 Note: 'designates correct choice
‘Nuibers in parentheses designate nuiber 
of subjects in group
cNuabers in parentheses represent percentages
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Table 24
Contingency Table for Distractor Choice on Itea 18
Distractor Choice
Effect A B C‘ D B
COLLBGB 
CBPS (84)» 6 (7.1)c 11(13.1) 30(35.7) 29(34.5) 8 (9.5)
NONCBPS (124) 13(10.5) 25(20.2) 34(27.4) 41(33.1) 11 (8.9)
SBX 
HEN (111) 9 (8.1) 13(11.7) 36(32.4) 39(35,1) 14(12.6)
NOHBN (97) 10(10.3) 23(23.7) 28(29=8.9) 31(32.0) 5 (5,2)
GBADING FOBHAT (GF) 
CONSTRUCTIVE (113) 7 (6.2) 23(20.4) 36(31.9) 40(35.4) 7 (6,2)
CONTROL (95) 12(12.6) 13(13.7) 28(29.5) 30(31.6) 12(12.6)
COLLBGB BY SBX 
FBHALB CBPS (20) 1 (5,0) 3(15.0) 7(35.0) 8(40.0) 1 (5.0)
FBHALB NONCBPS (77) 9 (11.7) 20(26.0) 21(27.3) 23(29.9) 4 (5.2)
HALB CBPS (64) 5 (7.8) 8(12.5)) 23(35.9) 21(32.8) 7(10.9)
HALE NONCBPS (47) 4 (8.5) 5(10.6) 13(27.7) 18(38.3) 7(14.9)
COLLBGB BY GFC 
CONSTRUCTIVB CBPS (49) 1 (2.0) 10(20.4) 18(36.7) 16(32.7) 4 (8.2)
CONSTRUCTIVE NONCBPS (64) 6 (9.4) 13(20.3) 18(28.1) 24(37.5) 3 (4.7)
CONTROL CBPS (35) 5(14.3) 1 (2.9) 12(34.3) 13(37,1) 4(11.4)




Effect A B C‘ D E
SBX BY GF*
CONSTRUCTIVE FEMALE (51) 6(11.8) 14(27.5) 13(25.5) 17(33.3) 1 (2.0)
CONSTEUCTIVB MALB (62) 1 (1.6) 9(14.5) 23(37.1) 23(37.1) 6 (9.7)
CONTROL FEMALE (46) 4 (8.7) 9(19.6) 15(32.6) 14(30.4) 4 (8.7)
CONTROL HALB (49) 8(16.3) 4 (8.2) 13(26.5) 16(32.7) 8(16.3)
COLLBGB BY SEX BY GF
FBHALB CONSTRUCTIVB 
CEPS (13) 1 (7.7) 3(23.1) 3 (23.1) 5(38.5) 1 (7.7)
FBHALB CONSTRUCTIVE 
NONCEPS (38) 5(13.2) 11(28.9) 10(26.3) 12(31.6) 0 (0.0)
MALB CONSTRUCTIVE 
CEPS (36) 0 (0.0) 7(19.4) 15(41.7) 11(30.6) 3 (8.3)
MALB CONSTRUCTIVB 
NONCEPS (26) 1 (3.8) 2 (7.7) 8(30.8) 12(46.2) 3(11.5)
FEMALE CONTROL CBPS (7) 0 (0.0) 0 (0.0) 4(57.1) 3(42.9) 0 (0.0)
FBHALB CONTBOL NON­
CBPS (39) 4(10.3) 9(23.1) 11(28.2) 11(28.2) 4(10.3)
MALE CONTROL CEPS (28) 5(17.9) 1 (3.6) 8(28.6) 10(35.7) 4(14.3)
HALB CONTROL NON­
CBPS (21) 3(14.3) 3(14.3) 5(23.8) 6(28.6) 4(19.0)
•CONSTRUCTIVE; | < .05 Note: ‘designates correct choice
‘Nuibers in parentheses designate nuaber 
of subjects in group
'Nuabers in parentheses represent percentages
176
Table 25
Contingency Table for Distractor Choice on Itei 27
Distractor Choice
Effect A B C D« B
COLLBGB*
CEPS (84)t 3 (3.6) < 8 (9.5) 1 (1.2) 65(77.4) 7 (8.3)
NONCBPS (124) 15(22.2) 26(21.1) 12 (9.8) 49(39.8) 21(17.1)
SBX 
HBN (111) 11 (9.9) 13(11.7) 6 (5.4) 70(63.1) 11 (9.9)
WOMEN (96) 7 (7.3) 21(21.9) 7 (7.3) 44(45.8) 17(17.7)
GRADING FORMAT (GF) 
CONSTRUCTIVB (112) 7 (6.3) 14(12.5) 7 (6.3) 67(59.8) 17(15.2)
CONTROL (95) 11(11.6) 20(21.1) 6 (6.3) 47(49.5) 11(11.6)
COLLBGB BY SBXk 
FEMALE CBPS (20) 1 (5.0) 0 (0.0) 1 (5.0) 16(80.0) 2(10.0)
FBHALB NONCBPS (77) 6 (7.9) 21(27.6) 6 (7.9) 28(36.8) 15(19,7)
MALB CEPS (64) 2 (3.1) 8(12.5) 0 (0.0) 49(76.6) 5 (7.8)
MALB NONCBPS (47) 9(a9.1) 5(10.6) 6(12.8) 21(44.7) 6(12.8)
COLLBGB BY GF'
CONSTRUCTIVB CBPS (49) 0 (0.0) 3 (6.1) 0 (0.0) 40(81.6) 6(12.2)
CONSTRUCTIVB NONCBPS (63) 7(11.1) 11(17.5) 7(11.1) 27(42.9) 11(17.5)
CONTROL CBPS (35) 3 (8.6) 5(14.3) 1 (2.9) 25(71.4) 1 (2.9)




Bffect A B C D* B
SBI BY GF
CONSTRUCTIVB FBHALB (51) 2 (4.0) 9(18.0) 3 (6.0) 26(52.0) 10(20.0)
CONSTRUCTIVB HALE (62) 5 (8.1) 5 (8.1) 4 (6.5) 41(66.1) 7(11.3)
CONTROL FBHALB (46) 5(10.9) 12(26.1) 4 (8.7) 18(39.1) 7(15.2)
CONTBOL HALB (49) 6(12.2) 8(16.3) 2 (4.1) 29(59.2) 4 (8.2)
COLLBGB BY SBX BY GF*
FBHALB CONSTRUCTIVB 
CBPS (13) 0 (0.0) 0 (0.0) 0 (0.0) 12(92.3) 1 (7.7)
FBHALB CONSTRUCTIVB 
NONCBPS (37) 2 (5.4) 9(24.3) 3 (8.1) 14(36.8) 9(24.3)
HALB CONSTRUCTIVB 
CEPS (36) 0 (0.0) 3 (8.3) 0 (0.0) 28(77.8) 5(13.9)
HALB CONSTRUCTIVB 
NONCEPS (26) 5(19.2) 2 (7.7) 4(15.4) 13(50.0) 2 (7.7)
FBHALB CONTROL CBPS (7) 1(14.3) 0 (0.0) 1(14.3) 4 (57.1) 1(14.3)
FBHALB CONTROL NON­
CBPS (39) 4(10.3) 12(30.8) 3 (7.7) 14(35.9) 6(15.4)
HALB CONTROL CBPS (28) 2 (7.1) 5(17.9) 0 (0.0) 21(75.0) 0 (0.0)
HALB CONTROL NON­
CBPS (21) 4(19.0) 3(14.3) 2 (9.5) 8(38.1) 4(19.0)
Note: 1 designates correct choice dFBlfALB CONSTRUCTIVB, £ < .02; HALB CON­
STRUCTIVB, p < .006; HALB CONTBOL, P ( .02
•E. 1 .000
'Nuibers in parentheses designate nuaber of 
kFEMALB; i < .02 subjects in each group
HALB; p. < .001
'Nuabers in parentheses represent percentages
‘CONSTRUCTIVE, p < .02; CONTROL, p < .001
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Table 26
Contingency Table for Digtractor Choice on Itei 28
Distractor Choice
Bffeet A B C D« B
COLLEGB 
CBPS (84)C 3 (3.6)* 3 (3.6) 6 (7.1) 62(73.8) 10(11.9)
NOMCBPS (124) 7 (5.6) 9 (7.3) 9 (7.3) 73(58.9) 26(21.0)
SBX 
HBN (111) 6 (5.4) 3 (2.7) 9 (8.1) 75(67.6) 18(16.2)
NOHBN (97) 4 (4.1) 9 (9.3) 6 (6.2) 60(61.9) 18(18.6)
GRADING FOBHAT (GF)> 
CONSTRUCTIVE (113) 4 (3.5) 4 (3.5) 10 (8.8) 82(72.6) 13(11.5)
CONTROL (95) 6 (6.3) 8 (8.4) 5 (5.3) 53(55.8) 23(24.2)
COLLEGB BY SBX‘ 
PBNALB CBPS (20) 0 (0.0) 2(10.0) 1 (0.0) 18(90.0) 0 (0.0)
FBHALB NOMCBPS (77) 4 (5.20) 7 (9.1) 6 (7.8) 42(54.51 18(23.4)
KALB CEPS (64) 3 (4.7) 1 (1.6) 6 (9.4) 44(68.8) 10(15.6)
KALB NONCBPS (47) 3 (6.4) 2 (4.3) 3 (6.4) 31(66.0) 8(17.0)
COLLEGB BY GP«
CONSTRUCTIVE CBPS (49) 1 (2.0) 2 (4.1) 3 (6.1) 40(81.6) 3 (6.1)
CONSTRUCTIVE NONCBPS (64) 3 (4.7) 2 (3.1) 7(10.9) 42(65.6) 10(15.6)
CONTROL CBPS (35) 2 (5.7) 1 (2.9) 3 (8.6) 22(62.9) 7(20.0)
COHTBOL NOMCBPS (60) 4(6.7) 7(11.7) 2(3.3) 31(51.7) 16(26.7)
Table 28, continued
Distractor Choice
Effect A B C D» B
SEX BY GP
CONSTRUCTIVE FBMALB (51) 2 (3.9) 3 (5.9) 4 (7.8) 37(72.5) 5 (9.8)
CONSTBUCTIVB HALB (62) 2 (3.2) 1 (1.6) 6 (9,7) 45(72.6) 8(12.9)
CONTBOL FBMALB (46) 2 (4.3) 6(13.0) 2 (4.3) 23(50.0) 13(28.3)
CONTROL MALE (49) 4 (8.2) 2 (4.1) 3 (6.1) 30(61.2) 10(20.4)
COLLEGB BY SBX BY GP
FBMALB CONSTRUCTIVE 
CBPS (13) 0 (0.0) 1 (7.7) 0 (0.0) 12(92.3) 0 (0.0)
FBMALB CONSTBUCTIVB 
NONCBPS (38) 2 (5.3) 2 (5.3) 4(10.5) 25(65.8) 5(13.2)
HALB CONSTBUCTIVB 
CBPS (36) 1 (2.8) 2 (2,8) 3 (8.3) 28(77.8) 3 (8.3)
HALE CONSTRUCTIVE 
NONCBPS (26) 1 (3.8) 0 (0.0) 3(11.5) 17(65.4) 5(19.2)
PBHALB CONTROL CEPS (7) 0 (0.0) 1(14.3) 0 (0.0) 6(85.7) 0 (0.0)
FBHALB CONTBOL NON- 
CEPS (39) 2 ( 5.1) 5(12.8) 2 (5.1) 17(43.6) 13(33.3)
HALB CONTBOL CBPS (28) 2 (7.1) 0 (0.0) 3(10.7) 16(57.1) 7(25.0)
HALB CONTBOL NON­
CBPS (21) 2 (9.5) 2 (9.5) 0 (0.0) 14(66.7) 3(14.3)
Note: 'designates correct choice 'Nuabers in parentheses designate nuaber
of subjects in group
< .05
‘Nuabers in parentheses represent percentages
'FEMALE, i < .02
180
Table 27
Contingency Table for Distractor Choice on Itea 30
Distractor Choice
Effect A B C D« B
COLLEGE*
CBPS (84) * 2 (2.4)* 1 (1.2) 8 (9.6) 61(73.5) 11(13.3)
NONCBPS (123) 7 (5.7) 14(11.4) 6 (4.9) 66(53.7) 30(24.4)
SEX*
MEN (109) 3 (2.8) 5 (4.6) 11(10.1) 78(33,3) 12(11.0)
WOMEN (97) 6 (6.2) 10(10.3) 3 (3.1) 49(50.5) 29(29.9)
GRADING FORMAT (GF) 
CONSTRUCTIVE (112) 5 (4.5) 6 (5.4) 8 (7.1) 73(65.2) 20(17.9)
CONTROL (94) 4 (4.3) 9 (9.6) 6 (6.4) 54(57.4) 21(22.3)
COLLEGB BY SBXc 
FEMALB CBPS (20) 0 (0.0) 1 (5.0) 2(10.0) 11(55.0) 6(30.0)
FBMALB NONCBPS (77) 6 (7.8) 9(11.7) 1 (1.3) 38(49.4) 23(29.9)
HALB CBPS (63) 2 (3.2) 0 (0.0) 6 (9.5) 50(79.4) 5 (7.9)
MALE NONCBPS (46) 1 (2.2) 5(10.9) 5(10.9) 28(60.9) 7(15.2)
COLLBGB BY GF*
CONSTRUCTIVB CEPS (48) 1 (2.1) 1 (2.1) 4 (8,3) 35(72.9) 7(14.6)
CONSTRUCTIVE NONCBPS (64) 4 (6.3) 5 (7.8) 4 (6.3) 38(59.4) 13(20.3)
CONTROL CEPS (35) 1 (2.9) 0 (0.0) 4(11.4) 26(74.3) 4(11.4)




Bffect A B C D« B
SBX BY GF
CONSTBUCTIVB FBMALB (51) 3 (5.9) 5 (9.8) 1 (2.0) 29(56.9) 13(25.5)
CONSTBUCTIVB KALB (61) 2 (3.3) 1 (1-6) 7(11.5) 44(72.1) 7(11.5)
CONTBOL PBKALB (46) 3 ( 6.5) 5(10.9) 2 (4.3) 20(43.5) 16(34.8)
CONTBOL HALE (48) 1 (2.1) 4 (8.3) 4 (8.3) 34(70.8) 5(10.4)
COLLBGB BY SBX BY GF
FBMALB CONSTBUCTIVB 
CBPS (13) 0 (0.0) 1 (7.7) 1 (7.7) 8(61.5) 3(23.1)
FBKALB CONSTBUCTIVB 
NONCBPS (38) 3 (7.9) 4(10.5) 0 (0.0) 21(55.3) 10(26.3)
HALB CONSTBUCTIVB 
CBPS (35) 1 (2.9) 0 (0.0) 3 (8.6) 27(77.1) 4(11.4)
KALB CONSTBUCTIVB 
NONCBPS (26) 1 (3.8) 1 (3.8) 4(15.4) 17(65.4) 3(11.5)
FBHALB CONTBOL CBPS (7) 0 (0.0) 0 (0.0) 1(14.3) 3(42.9) 3(42.9)
FBKALB CONTBOL NON­
CBPS (39) 3 (7.7) 5(12.8) 1 (2.6) 17(43.6) 13(33.3)
HALE CONTBOL CBPS (28) 1 (3.6) 0 (0.0) 3(10.7) 23(82.1) 1 (3.6)
HALB CONTBOL NON­
CBPS (21) 0 (0.0) 4(20.0) 1 (5.0) 11(55.0) 4(20.0)
Note: * designates correct choice ‘CONSTBUCTIVB, p < .05 1 KALB CONTBOL,
CONTBOL, p. < .05 p. < .05
>p < .003; ‘p ( .001
•Nuibers in parentheses designate nuaber 
CMALB, £ < .05 of subjects in group
•CONTBOL, £ < .02 ‘Nuibers in parentheses represent percentages
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Table 28
Contingency Table for Distractor Choice on Ite» 3
Distractor Choice
Bffect A B C D* B
COLLEGE 
CBPS (84) 6 (7.1)* 4 (4.8) 7 (8.3) 64(76.2) 3 (3.6)
NONCBPS (124) 21(16.9) 12 (9.7) 6 (4.8) 68(54.8) 17(13.7)
SEI
HBN (111) 11 (9.9) 8 (7.2) 9 (8.1) 76(68,5) 7 (6.3)
HOHBN (97) 16(16.5) 8 (8.2) 4 (4.1) 56(57.7) 13(13.4)
GBADING FORMAT (GF) 
CONSTBUCTIVB (113) 9 (8.0) 10 (8.8) 6 (5.3) 78(69.0) 10 (8.8)
CONTBOL (95) 18(18.9) 6 (6.3) 7 (7.4) 54(56.8) 10(10.5)
COLLBGE BY SBX 
FBMALB CBPS (20) 0 (0.0) 2(10.0) 1 (5.0) 16(80.0) 1 (5.0)
FBMALB NONCBPS (77) 16(20.8) 6 (7.8) 3 (3.9) 40(51.9) 12(15.6)
HALB CBPS (64) 6 (9.4) 2 (3.1) 6 (9.4) 48(75.0) 2 (3.1)
HALB NONCBPS (47) 5(10.6) 6(12.8) 3 (6.4) 28(59.6) 5(10.6)
COLLBGB BY GF*
CONSTBUCTIVB CBPS (49) 1 (2.0) 3 (6.1) 2 (4.1) 40(81.6) 3 (6.1)
CONSTBUCTIVB NONCBPS (64) 8(12.5) 7(10.9) 4 (6.3) 38(59.4) 7(10.9)
CONTBOL CBPS (35) 5(14.3) I (2.9) 5(14.3) 24(68.6) 0 (0.0)
CONTBOL NONCBPS (60) 13(21.7) 5 (8.3) 2 (3.3) 30(50.0) 10(16.7)
Table 28, continued
Distractor Choice
Bffeet A B C D« B
SBI BY OF
CONSTRUCTIVE FBHALB (51) 6(11.8) 4 (7.8) 2 (3.9) 33(64.7) 6(11.8)
CONSTBUCTIVB HALB (62) 3 (4.8) 6 (9.7) 4 (6.5) 45(72.6) 4 (6.5)
CONTROL FBHALB (46) 10(21.7) 4 (8.7) 2 (4.3) 23(50.0) 7(15.2)
CONTROL HALB (49) 8(16.3) 2 (4.1) 5(10.2) 31(63.3) 3 (6.1)
COLLEGB BY SBI BY GP
FBHALB CONSTBUCTIVB 
CBPS (13) 0 (0.0) 1 (7.7) 0 (0.0) 11(84.6) 1 (7.7)
FBHALB CONSTBUCTIVB 
NONCBPS (38) 6(15.8) 3 (7.9) 2 (5.3) 22(57.9) 5(13.2)
HALB CONSTRUCTIVE 
CBPS (36) 1 (2.8) 2 (5.6) 2 (5.6) 29(80.6) 2 (5.6)
HALB CONSTBUCTIVB 
NONCBPS (26) 2 (7.7) 4(15.4) 2 (7.7) 16(61.5) 2 (7.7)
FBHALB CONTROL CBPS (7) 0 (0.0) 1(14.3) 1(14.3) 5(71,4) 0 (0.0)
FBHALB CONTROL NON­
CBPS (39) 10(25.6) 3 (7.7| 1 (2.6) 18(46.2) 7(17.9)
HALB CONTBOL CBPS (28) 5(17.9) 0 (0.0) 4(14.3) 19(67,9) 0 (0.0)
HALE CONTROL NON­
CBPS (21) 3(14.3) 2 (9.5) 1 (4.8) 12(57.1) 3(14.3)
Note: ‘ designates correct choice 
'CONTROL; p. < .02
'Nuibers in parentheses designate nuaber of subjects in group 
Nuibers in parentheses represent percentages
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The significant goodness-of-fit test for the last (mean­
ingful) model for Items 3, 8, 14, 27 suggests that in each 
case, factors which have not yet entered the model may ac­
count for the discrepancy between expected frequencies and 
observed. Their respective contingency tables may be useful 
in the interpretation of this discrepancy. The nonsignifi­
cant goodness-of-fit test for the last (meaningful) model 
for Items 18, 28, 30, 32 suggests that a model has been 
reached which fits the data well. Further analysis can be 
conducted on component chi-squares to determine if a more 
parsimonious model exists. Such an analysis was conducted 
for Items 18, 28, 30, and 32.
Item 18. Of the meaningful models obtained for Item 
18, the goodness-of-fit statistic was nonsignificant for 
Model (5) (L2(8) = 14.17868, £ > .077) and Model (6)
9
(L5_6(4) = 7.5089, £ > .154). A componenet chi-square 
analysis was employed to determine if it is possible to pro­
ceed to the simpler model (Model (5)) without sacrificing 
significant loss of ability to fit observed data. This 
analysis is presented in table 29.
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Table 29






(4) 21.93218 12 .038
(5) 14.17868 8 .077 7.7535 4 .25
(6) 6.66977 4 .154 7.5089 4 .25
2
A test of the component L 5_£ yielded a nonsignificant result 
(L2_g(4) = 7.5089, £ > .10). Thus model (5) is suggested as 
the best-fitting model for the distribution of distractor 
choices on Item 18. The result suggests that the effect 
COLLEGE X GF contributes significantly to the improvement of 
fit between expected and observed cell frequencies. The 
contingency table presented in table 32 may be useful in 
interpreting this interaction.
Item 28. A similar analysis was conducted for Item 28. 
The goodness-of-fit was nonsignificant for only one of the 
meaningful models, Model (4) (L2 (16) = 22.66311, £ > .123). 
This would suggest that the effect GF contributes signifi­
cantly to improvement of the fit between expected and 
observed cell frequencies. The distribution of distractor 
choices for Item 28 by GRADING FORMAT are presented in 
table 33.
Item 30. For Item 30 the goodness-of-fit statistics 
for Model(3) (L2(16) = 18.06841, P > .123), Model (2)
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(L2(20) = 19.79625, £  > .471), and Model (1) (L2(24) = 
32.16436, £ > .123) were nonsignificant. A component 
chi-square analysis was employed to determine which of these 
three models could be accepted without experiencing a con­
siderable lack of fit. As illustrated in table 30, the 
2
component was nonsignificant ( a = .05) which suggests
that Model (2) is the best-fitting model for Item 30. This 
would suggest that the effect SEX contributes significantly 
to improvement of fit between expected and observed cell 
frequencies. The distribution of distractor choices for 
Item 30 by SEX are presented in table 34.
Table 30






(1) 32.16436 24 .123
(2) 19.79625 20 .471 12.36811 4 .02
(3) 18.06841 16 .320 1.72784 4 .50
Item 32. For Item 32 the goodness-of-fit statistics for 
Model (3) (L2 (16) = 17.67192, £ > .343), Model (2) (L2 (20) = 
23.97836, £ > .243), and Model (1) (L2 (24) = 25.97165, £ >
.355) were nonsignificant. As illustrated in table 31, the
2 2 component L^_2 and the component L 2_3 were significant ( a =
.05). Thus Model (1) is suggested as the best-fitting model
and the effect of COLLEGE contributes significantly to the
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improvement of fit. The distribution of distractor choices 
for Item 32 by COLLEGE are presented in table 35.
Table 31






(1) 25.97165 24 .355
(2) 23.97836 20 .243 1.99329 4 .50
(3) 17.67192 16 .343 6.30644 4 .50
Analysis of Student Reflection Attitude Scale
In order to investigate treatment and interaction 
effects on student tendency to reflect, test-taking pro­
cedures, and student perception of the grading process, a 
student reflection attitude scale was administered to all 
subjects prior to their first try on Unit 4. The scale 
consisted of two open-ended questions and a 20-item Likert 
Scale. A copy of the entire scale is provided in Appendix 
F. Complete information was available on 194 of the 216 
students, 109 from the CONSTRUCTIVE group and 85 from the 
CONTROL group. Separate analyses were performed on the 
open-ended questions and the Likert Scale.
Log-linear analysis of Likert Scale. A log-linear 
analysis similar to the one performed on the FINAL was em­
ployed. The models investigated were the same as those in
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Table 32
Contingency Table for Distractor Choice on Item 18, 
COLLEGE by GF
Distractor Choice



























Note: * designates correct choice
aNumbers in parentheses designate number of 
subjects in group.
^Numbers in parentheses represent percentages.
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Table 33
Contingency Table for Distractor Choice on Item 28, by GF
Distractor Choice
EFFECT A B C
*
D E
CONSTRUCTIVE (113)a 4 (3.5) 










Note: designates correct choice
aNumbers in parentheses designate number of 
subjects in group.
^Numbers in parentheses represent percentages.
Table 34
Contingency Table for Distractor Choice on Item 30. by SEX
Distractor Choice
EFFECT A B C
*
D E
MALE (109) 3 (2.8) 5 (4.6) 11(10.1) 78(71.6) 12(11.0)
FEMALE (97) 6 (6.2) 10(8.4) 3 (3.1) 49(50.5) 29(29.9)
Note: designates correct choice
aNumbers in parentheses designate number of 
subjects in group.
^Numbers in parentheses represent percentages.
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Table 35
Contingency Table for Distractor Choice on Item 32, by COLLEGE
Distractor Choice
EFFECT A B C
*
D E
CEPS (84)a 6 (7.1)b 4 (4.8) 7 (8.3) 64(76.2) 3 (3.6)
NONCEPS (124) 21(16.9) 12(9.7) 6 (4.8) 68(54.8) 17(13.7)
Note: designates correct choice
lumbers in parentheses designate number of 
subjects in group.
^Numbers in parentheses represent percentages.
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table 19 with "I" representing a student's attitude (strong­
ly disagree, disagree, undecided, agree, strongly agree) on 
a particular statement. For each item, as was the case with 
the analysis of FINAL, the first step was to perform a 
goodness-of-fit test on the null model (0) to determine 
whether or not there is a significant residual discrepancy 
between expected frequencies of the null model and observed 
frequencies.
For all 20 items, the goodness-of-fit test for the null 
model (0) was not significant at the .05 level. Thus the 
null model was accepted as the best-fitting model for the 
data from each item of the scale and no further analysis was 
conducted. The implication of this result is that although 
the students respond to the statements differently, these 
differences may not be explained by the three factors, SEX, 
COLLEGE, and GF investigated by the present study.
Analysis of open-ended questions, SRAS. The analysis 
of the open-ended responses, by the very nature of the 
questions, is more difficult and not as straightforward as 
the analyses discussed to this point. The results obtained 
are not quantitative, should be considered exploratory, and 
have value in suggesting interesting questions for future 
research. These latter suggestions will be pursued in 
Chapter VI.
The first open-ended question was eliminated from the 
analyses because of the large number of student omits and a 
great deal of variability among the answers given due to an
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apparent misinterpretation of the directions.
The second open-ended question was designed to investi­
gate possible treatment effects on student perceptions of 
tutoring format. It was hypothesized that the responses of 
students in the grading format group, CONSTRUCTIVE, would 
reflect characteristics of a constructive grading environ­
ment. The written solutions were examined and the state­
ments classified into the following seven categories:
1) questions are asked of the student, 2) forces student to 
reflect on prior information, 3) reasons and motivation for 
the process are given, 4) explicit steps for the given 
problem are outlined, 5) a general strategy with no mention 
of the given problems is stated, 6) formula is given without 
explanation, 7) no response is given. Examples of typical 
statements in each of the categories are presented in appen­
dix F. Frequency of occurrence by GF, SEX, and COLLEGE, for 
each of these statements is given in tables 36-38. The fre­
quencies should be interpreted with caution since the cate­
gories are not disjoint, no pre-treatment measure was given, 
and there is some variability in the individual statements 
classified into each of the above categories.
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Table 36
Frequency Table for Categories of Responses to SRAS Question
II by GRADING FORMAT
GRADING FORMAT
Category CONSTRUCTIVE CONTROL
Evidence of Questioning 
Technique
6 (5.5)a 3 (3.5)
Forces Student to Reflect 
on Prior Information
26 (23.9) 14 (16.5)
Reasons/Motivation for 
Process are Presented
8 (7.3) 5 (11.8)
Explicit steps for Given 
Problem are Outlined
40 (36.7) 34 (40.0)
General Strategy with no 
Reference to Given Prob­
lem is Outlined
38 (34.9) 30 (35.3)
Formula Presented with no 
Explanation
0 (0.0) 1 (1.2)
No Response 30 (27.5) 19 (22.4)
Note: Questionnaires were completed by 85 subjects in the
control group and 109 subjects in the treatment group.
Categories are not disjoint.
aNumbers in parentheses represent percentages.
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Table 37




Evidence of Questioning 
Technique
5 (5.0)a 4 (4.5)
Forces Student to Reflect 
on Prior Information
12 (12.0) 23 (25.8)
Reasons/Motivation for 
Process are Presented
6 (6.0) 6 (6.7)
Explicit steps for Given 
Problem are Outlined
38 (38.0) 33 (37.1)
General Strategy with no 
Reference to Given Prob­
lem is Outlined
35 (35.0) 33 (37.1)
Formula Presented with no 
Explanation
0 (0.0) 1 (1.1)
No Response 9 (9.0) 24 (27.0)
Note: Questionnaires were completed by 100 men and 89 women. 
Categories are not disjoint. 
aNumbers in parentheses represent percentages.
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Table 38




Evidence of Questioning 
Technique
3 (4.1)a 6 (5.0)
Forces Student to Reflect 
on Prior Information
17 (23.0) 19 (16.0)
Reasons/Motivation for 
Process are Presented
5 (6.8) 7 (5.9)
Explicit steps for Given 
Problem are Outlined
27 (36.5) 49 (41.2)
General Strategy with no 
Reference to Given Prob­
lem is Outlined
28 (37.8) 39 (32.8)
Formula Presented with no 
Explanation
1 (1.4) 0 (0.0)
No Response 16 (21.6) 30 (25.2)
Note: Questionnaires were completed by 74 subjects in CEPS 
and 119 subjects in NONCEPS.
Categories are not disjoint.
aNumbers in parentheses represent percentages.
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Analysis of Grader Reflection Attitude Scale
In order to investigate the effects of a grader prep­
aration program, based on a constructivist perspective of 
learning, on grader tendency to reflect, grading procedures, 
and grader perception of the grading process, a grader re­
flection attitude scale (GRAS) was administered to all grad­
ers at the close of the fall semester of 1985. The scale 
consisted of two open-ended questions, four questions that 
asked each grader to rank order a set of statements, and a 
four question Likert Scale. A copy of the entire scale is 
provided in Appendix C. Separate analyses were performed on 
each group of questions.
Analysis of the rank-ordering, GRAS. The questions in 
this section of GRAS were designed to investigate undergrad­
uate calculus graders' perceptions of calculus students, the 
grading process, and the role of the grader in the grading 
process. This subscale was divided into four questions, each 
of which asked the individual graders to rank order a given 
number of statements. The Wilcoxon rank sum statistic was 
calculated for each of the statements within each of the 
four questions and used to test the hypothesis that the two 
samples of graders (CONSTRUCTIVE, CONTROL) are from the same 
population. If this is the case, the distribution of scores 
from the two groups in the ranked lists should be random.
The Wilcoxon rank sum statistic was significant (a = .05) 
for several of the statements. For these statements, the 
hypothesis of randomness cannot be accepted at the .05
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level. A list of these statements and their respective 
two-tailed £-values, corrected for ties, is presented in 
table 39. The results obtained in this analysis should be 
interpreted cautiously, since individual statements, within 
a given question, might be related, a high ranking on one 
statement necessarily implies a low ranking on another.
Analysis of open-ended questions, GRAS. The open-ended 
questions on GRAS were investigated in an analogous fashion 
to those on SRAS. The first open-ended question on GRAS 
asked the graders to identify the types of errors that stu­
dents make on a given problem. It was hypothesized that 
the graders who had participated in the constructive grader 
preparation session would generate more errors, be more 
general in their comments by not restricting themselves to 
the specific problem given, and make use of the error cate­
gories presented in Chapter IV. Frequency tables which lists 
the types of errors given by the graders for each problem, 
and their frequency of occurrence by GRADING FORMAT are pre­
sented in tables 40-42. These frequency tables do not appear 
to support the above hypotheses.
Table 39







Q3: Rank order the following grader 
characteristics from most im­
portant to least.
S2: ability to ask questions 12.07 (14) 23.22 (23) 169.0 .0021
S3: ability to encourage student 
to explain his/her answer
13.46 (14) 22.37 (23) 188.5 .0143
S8: ability to show students 'tricks’ 
for completing specific problems
23.89 (14) 16.02 (23) 334.5 .0169
S10: ability to recognize alternative 
solutions
25.29 (14) 15.17 (23) 354.0 .0051
Q3: In carrying out my job as a calculus 
grader I’d like to be better at...









S4: diagnosing student errors 22.07 (15) 14.95 (20) 331.0 .0403
S5: recognizing alternative solutions 21.90 (15) 15.08 (20) 328.5 .0482
S6: asking questions 11.60 (15) 22.80 (20) 174.0 .0009
Q5: I wish that calculus students...
SI: would be more willing to ask 
questions
14.00 (15) 21.00 (20) 210.0 .0433
S8: would ask more questions 13.70 (15) 21.22 (20) 205.5 .0302
Note: Numbers in parentheses indicate number of
cases used in computing mean rank.
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Table 40
Errors Detected by Graders on Question I.1. GRAS




not using product rule on 
-4x2y term
13 (81.3)» 18 (75)
forgetting derivative of 
a constant is 0
4 (25) 6 (25)
not taking derivative of 
the constant
3 (18.8) 4 (16.7)
not knowing where to begin 0 (0.0) 1 (4.2)
differentiating y and for­
getting to include dy/dx
12 (75) 14 (58.3)
not isolating dy/dx 1 (6.3) 1 (4.2)
treating y as a constant 0 (0.0) 2 (8.3)
sign mistakes in grouping 0 (0.0) 2 (8.3)
not taking derivative of y, 
just inserting dy/dx
0 (0.0) 1 (4.2)
taking dx/dy instead of dy/dx 0 (0.0) 1 (4.2)
trying to solve explicitly for y 2 (12.5) 2 (8.3)
Note: Question was completed by 16 CONSTRUCTIVE graders and
24 CONTROL graders. Terminology used to describe errors
was taken directly from responses. 
“Numbers in parentheses represent percentages.
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Table 41
Errors Detected by Graders on Question 1.2. GRAS







difficulty visualizing the 
problem (drawing a picture)
6 (37.5) 6 (25)
not knowing when question 
has been answered
2 (12.5) 2 (8.3)
not knowing what it means 
to maximize a function
6 (37.5) 10 (41.7)
getting expression in terms 
of one variable
2 (12.5) 3 (12.5)
difficulty with set-up, 
unstructured approach
9 (56.25) 5 (20.8)
not using given information 0 (0.0) 1 (4.2)
not taking open-top into 
consideration
0 (0.0) 2 (8.3)
confusion between surface 
area and volume
0 (0.0) 1 (4.2)




errors in solving first 
derivative = 0
1 (6.3) 3 (12.5)
treating problem as a 
related rate
1 (6.3) 0 (0.0)
Note: Question was completed by 16 CONSTRUCTIVE graders 
and 24 CONTROL graders.
Terminology used to describe errors was taken directly 
from responses.
aNumbers in parentheses represent percentages.
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Table 42
Errors Detected by Graders on Question 1.3. GRAS
Problem: Evaluate / e *sin(eII)cos(e*) dx
GRADING FORMAT
ERROR CONSTRUCTIVE CONTROL
calculates derivative of 
e x incorrectly
0 (0.0)* 3 (12.5)
failure to choose appro­
priate u and du
8 (50.0) 14 (58.3)
makes sign error with sin 
and/or cos
3 (18.8) 5 (20.8)
forgets to apply chain rule 1 (6.3) 1 (4.2)
uses product rule: inte­
grates each part separately 
then multiplies
3 (18.8) 3 (12.5)
omits + C 1 (6.3) 2 (8.3)
seems baffled... unable to 
recognize general form
3 (18.8) 8 (33.3)
treats e* as a constant 1 (6.3) 0 (0.0)
Note: Question was completed by 16 CONSTRUCTIVE graders 
and 24 CONTROL graders.
Terminology used to describe errors was taken directly 
from responses.
"Numbers in parentheses represent percentages.
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The second open-ended question on GRAS presented the 
graders with a student's erroneous solution and asked them 
to describe what a grading session with the student would 
be like. It was hypothesized that the responses of graders 
who had participated in a constructive grader preparation 
session would reflect characteristics of a constructive 
grading environment. The responses were read and classified 
into the following eight categories: 1) evidence of student 
involvement through questioning, 2) uses other examples, 3) 
general comments made about the student errors, 4) shows 
student's reasons for errors, 5) points out an alternative 
solution, 6) explicitly tells student he/she cannot "do it 
that way," 7) asks student to work through a certain part of 
the problem, and 8) references error categories. A frequency 




II by GRADING FORMAT
GRADING FORMAT
Category CONSTRUCTIVE CONTROL
Evidence of Student Involve­
ment Through Questioning
14 (87.5) 3 (12.5)
Uses Other Examples 4 (25.0) 1 (4.2)
General Comments Made About 
the Student’s Errors
6 (37.5) 2 (8.3)
Shows Students Reason for 
Errors
1 (6.25) 5 (31.25)
Points out an alternative 
Solution
1 (6.25) 4 (16.7)
Explicitly Tells Student He/ 
She Cannot "do it that way"
6 (37.5) 28 (95.8)
Asks Student to Work Through 
a Certain Part of the Problem
6 (37.5) 1 (4.2)
References Error Categories 0 (0.0) 0 (0.0)
Note: Questionnaires were completed by 16 constructive 
graders and 24 control graders.
Categories are not disjoint.
aNumbers in parentheses represent percentages.
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The results of this analysis should be interpreted cautious­
ly, since no pretreatment measure was obtained and a given 
student's response could potentially be classified into more 
than one of the categories. The percentages calculated from 
the frequencies appear to support a hypothesis that there 
was a difference between the grading formats, CONSTRUCTIVE 
and CONTROL.
The analyses reported in this chapter were conducted 
as a means of investigating the research goals and ques­
tions outlined in Chapter I. A summary of the results, the 
author's interpretation of the results, and a discussion of 
implications for future research and practice will be pre- 
ented in Chapter VI.
CHAPTER VI
SUMMARY, INTERPRETATION, AND IMPLICATIONS
The purpose of the present study was to investigae the 
effects of an environment based on a constructivist perspec 
tive of learning and designed to foster student reflection 
on errors and processes. The setting for the study was the 
calculus testing center at the University of New Hampshire. 
Quantitative and qualitative data were collected using sev­
eral achievement and attitude measures. This chapter pre­
sents a discussion of the results obtained from an analysis 
of this data within the context of the research questions 
posed in Chapter I. Implications for classroom practice and 
directions for future research will also be discussed.
Summary and Interpretation of Quantitative 
and Qualitative Results 
For purposes of discussion, the research questions pre 
sented in Chapter I can be divided into three groups. The 
first group of questions concerns the investigation of 
treatment effects upon unit test scores, "second try" unit 
test scores, and calculus final examination scores. A sec­
ond group of questions concerns the investigation of treat­
ment effects upon calculus student response patterns on a 
multiple-choice final examination and a student reflection 
attitude scale. A final group of questions concerns the 
response patterns of undergraduate calculus graders on a
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grader reflection attitude scale. The analyses conducted to 
investigate these questions were presented in Chapter V.
This section provides a summary of these results, accompa­
nied by the author's interpretation of the outcomes.
Sumary of Quantitative Results
Several analyses were performed to investigate the 
effects of grading format, sex, and college on calculus 
achievement as measured by calculus unit test scores and 
final examination score. The more interesting results from 
these analyses will be summarized in this section. These 
results serve as the basis for the discussion and interpre­
tation to follow.
A univariate analysis of variance of the first try for 
Unit 4 resulted in a significant ( a = .05) effect of college 
favoring the students enrolled in the College of Engineering 
and Physical Sciences. A similar analysis of the second try 
for Unit 4 resulted in a significant (“ = .05) main effect of 
college and a significant (a = .05) sex-by-grading format 
interaction. The significant college effect on the second 
try for Unit 4 favored students enrolled in the College of 
Engineering and Physical Sciences. Although examination of 
cell means for all measures used in the study reveals a 
trend of higher scores for the constructive grading format 
versus the control, the effect of grading format was not 
significant in any of the sex x grading format x college 
analyses of variance. It is important to note, however, 
that on the final exam the effect of grading format was
209
significant at the .10 level.
In order to investigate further the effects of the 
three factors, grading format, sex, and college, a multi­
variate analysis of covariance of the "official" unit test 
scores and the final exam was conducted. The algebra and 
trigonometry pretest served as the covariate in this analy­
sis. College was found to be the only significant effect 
at the .05 level.
A multivariate analysis of variance of the routine and 
nonroutine subscores of the final examination resulted in a 
significant (“ = .05) effect of college and a result falling 
short of significance (“ = .10) for the college-by-grading 
format interaction. Subsequent univariate analyses of var­
iance produced significant ( <* = .05) results. A significant 
college effect occurred for both the routine and nonroutine 
subscores. This result was in favor of the students enrolled 
in the College of Engineering and Physical Sciences.
Log-linear analysis was used to investigate student 
response patterns on the final examination and a student 
reflection attitude scale. The log-linear analysis for the 
final examination resulted in the completely null model be­
ing suggested as the best-fitting model for 32 of the 40 
items. Meaningful information was available for four of the 
remaining eight items. A component chi-square analysis was 
employed to investigate these four items further. For all 
items on which meaningful information was available, the 
item number, its corresponding best-fitting model based on
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the available evidence, and its respective £-value are pre­
sented in Table 44.
Table 44
Best-Fitting Model by Item for FINAL
Item No. Model £-value
11, 12, 14-17,
19-113, 115-117,
119-126, 129, X + C + S + GF + CS + C(GF) .06
131, 133-135 + S(GF) + CS(GF) + I
118 X + C + S + GF + CS + C(GF) .077
+ S(GF) + CS(GF) + I + Cl
+ SI + (GF)I + CSI + C(GF)I
128 X + C + S + GF + CS + C(GF) . 1 2 3
+ S(GF) + CS(GF) + I + Cl
+ SI + (GF)I + CSI
X + C + S + GF + CS + C(GF) .471
+ S(GF) +  CS (GF) + I +  Cl
+ SI
132 X + C + S + GF + CS + C(GF) .123
+ S(GF) +  CS(GF) + I + Cl
Note: Order in which terms were entered into the analysis
is presented in the hierarchal listing of the models, 
table 19.
The log-linear analysis of the 20-item Likert scale 
measuring each student's attitude toward reflection resulted 
in the completely null model being suggested as the best- 
fitting model for all 20 items. These results imply that 
although the students respond to the statements differently, 
these differences cannot be explained by the three factors 
investigated by the present study, sex, college, and grading
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format.
The nonparametric Wilcoxon rank sum statistic was used 
to compare treatment (constructive) and the control graders' 
perceptions of the grading process. Significant ( o = .05) 
differences were found among the responses on 10 of the 35 
statements. The differences appear to be in the expected 
direction: that is, graders in the constructive condition 
tend to rank statements which reflect characteristics of a 
constructive grading process lower (more important) than 
graders in the control condition.
Interpretation of Quantitative Results
Lack of significant treatment effects. The lack of 
significant effects, at the .05 level, of grading format on 
student achievement and attitude measures is disappointing. 
It is encouraging to note, however, that on final examina­
tion the effect of grading format was significant at the .10 
level. This result suggests the possibility that the effect 
is cumulative; i.e., that the effect of grading format 
somehow increases throughout the course of the semester.
Several potential explanations for the above results 
can be hypothesized. First, during the constructive grad­
ing session, the student is placed in a position where 
he/she must confront and explain his/her conceptions and 
solution processes. The format fosters active student 
participation in the grading process. Research indicates
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that this may be a role, particularly within the setting of 
the mathematics classroom, that is unfamiliar to the stu­
dent. A set of national surveys and classroom observations 
funded by the National Science Foundation describes a pro­
file of the mathematics classroom as an extensive time of 
teacher-directed explanation and questioning followed by 
student seat work on paper and pencil tasks. Observers saw 
little student-centered inquiry, laboratory explorations 
and/or individualizations (Fey, 1979). Students with this 
type of background may find a situation where they are 
expected to take control and discuss mathematics to be 
unfamiliar and difficult. Consequently, time for assimila­
tion and "becoming comfortable" may be an important factor 
in the investigation of treatment effects.
A second potential explanation lies in an examination 
of the role of the undergraduate graders. The role of the 
undergraduate calculus grader in the present study was 
crucial. It was the treatment graders' responsibility to 
question the student, encourage student participation, and 
provide the student with opportunities to reflect on errors 
and process. The extent to which the graders in the treat­
ment condition were committed to this philosophy would in 
some measure determine the effect of the treatment. Quali­
tative and quantitative evidence collected at the end of the 
semester suggests that the treatment graders were committed 
to the program and followed a constructive grading format in 
their dealings with the students. Anecdotal evidence sug-
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gests that this represents a considerable change in attitude 
and behavior, on the part of the graders, during the course 
of the semester. Based on these results, it can be hypothe­
sized that, as the semester progressed, the graders got bet­
ter at the techniques which led to an increase in the effect 
of grading format. Results concerning the calculus graders' 
commitment to the constructivist grading perspective will be 
explored further in a later section.
A final potential explanation involves the preparation 
materials developed within the context of the theoretical 
framework established in Chapter II, and employed with the 
subgroup of treatment graders. The nature of such a prep­
aration program based on a constructivist perspective of 
learning cannot guarantee that participating graders will 
obtain a uniform level of commitment to the constructive 
grading process. So, although evidence exists that tends to 
support a difference in the two types of grading formats, 
some variability among individual graders in both groups 
could still exist and account for the lack of significant 
effect of grading format on student achievement and attitude 
measures.
The testing/grading process in the calculus testing 
center at UNH is influenced by many factors. The process is 
unique in the sense that undergraduates are directly respon­
sible for evaluating their peers. Under these circumstances, 
factors such as lack of teaching experience, motivation for 
becoming a calculus grader, biases toward the calculus sys­
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tem at UNH, confidence with calculus concepts, and amount 
of coursework beyond calculus, could potentially influence 
the assimilation of any perspective, and hinder the poten­
tial of any treatment effect. Individual grader character­
istics that influence a grader's assimilation and commitment 
to a given grading perspective would be worthy of further 
investigation.
The structure of the calculus testing/grading program 
at UNH, and the desire to be as nondisruptive as possible, 
prevented direct observation of individual graders and stu­
dents during the grading session. The results obtained in 
this study are encouraging enough to suggest further inves­
tigation. Such an investigation would be enhanced by a 
stricter measure of the precise nature of the actual grading 
interacton between a grader and a student. It would be 
ideal if this could somehow occur, unobtrusively, through 
the use of videotapes during the actual grading/testing 
process .
Significant college effect. The significant ( a = .05) 
effect of college on the first and second try for Unit 4, 
the final examination, and the nonroutine and routine sub­
scores of the final examination, is not unexpected. Stu­
dents enrolled in the College of Engineering and Physical 
Sciences tend to have a stronger background in mathematics 
and other quantitative courses than outside the college.
The result is still present after adjusting for pretest 
scores, a measure of preparedness for calculus, in an anal­
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ysis of "official" unit test scores and the final examina­
tion. This suggests that other factors may be involved. 
Anecdotal evidence offers the possibility that motivation 
may serve as an explanation for the significant effect of 
college. Students in the College of Engineering and Physi­
cal Sciences may take calculus for different reasons than 
students in other colleges. For students in the College of 
Engineering and Physical Sciences, future coursework con­
nected to career aspirations requires calculus as a prereq­
uisite. For students in other colleges a different scenario 
can be hypothesized. The majority of the students in other 
colleges may enroll in calculus because their high school 
guidance counselor or mathematics teacher told them that 
calculus was the next course after high school precalculus 
or advanced mathematics. For most of the students in this 
latter group, first semester calculus will be a terminal 
mathematics course. It can then be hypothesized that the 
relationship between calculus and future course work is more 
apparent to students in the College of Engineering and Phys­
ical Sciences. This may result in increased motivation and 
somewhat higher achievement.
Concurrent coursework might also help to explain the 
presence of a significant college effect. Many of the stu­
dents in the College of Engineering and Physical Sciences 
who are enrolled in calculus during the fall semester of 
their freshman year are concurrently enrolled in physics 
and/or chemistry. In both of these courses the students are
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working with mathematics. The implication here is that stu­
dents in the College of Engineering and Physical Sciences 
concurrently enrolled in calculus and physics or chemistry 
are more immersed in mathematics than students not in the 
College. This concurrent coursework forces more exposure to 
the mathematics which may in turn enhance achievement.
Significant sex by grading format interaction. The 
significant ( ot = .05) sex by grading format interaction on 
the second try for Unit 4 is an interesting result. Further 
analysis of the interaction suggested that the treatment 
condition was better for men. A potential explanation for 
this interaction might be found by examining the character­
istics of a constructive grading environment. Such an envi­
ronment requires the student to be active, to question, to 
discuss and justify his/her procedures. Previous research 
(Fennema & Peterson, in press; Grieb & Easley, 1984; Meece 
et al., 1982) would suggest that this may be an easier pro­
cess for men than for women in areas, such as mathematics, 
which are typically sex-typed as male domains.
Grieb and Easley (1985) have investigated the social 
mechanism in the primary schools. In their investigation, 
they have attempted to identify factors which allow male 
students to remain creative and independent in their study 
of mathematics but reinforce an attitude of dependence among 
women. According to Grieb and Easley, women are schooled to 
follow rules and not to ask questions. The authors describe 
a typical female student, Karen, as a passive learner who
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accepts almost too easily that which she is presented, does 
not seek to analyze or question why an algorithm works, or 
how different procedures are related. From this perspec­
tive, it can be hypothesized that women might feel more com­
fortable in the control grading environment where they can 
let the grader take charge. An interesting direction might 
be to design a study, similar to the present one, which con­
trols the sex of the grader.
Distractor Analysis. Results of the log-linear analysis 
were interesting for four of the 40 items on the multiple- 
choice final examination administered to all subjects at the 
end of the semester, fall 1985. Each of these results will 
be discussed and interpreted in this section.
The results of the log-linear analysis of Item 18 sug­
gest that the college-by-grading format interaction is an 
important term in achieving a reasonable fit to the observed 
data. The hierarchal nature of the analysis suggests that 
the college-by-grading format interaction is present subse­
quent to partialling out the interaction between college and 
sex. Its presence suggests that the pattern of responses of 
students in the College of Engineering and Physical Sciences 
and those students not in the college are different across 
grading format.
Item 18 involves determining the number of inflection 
points and relative extrema for a particular function. An 
examination of the frequency distributions reveals that dis­
tractor choice D was the most appealing for three of the
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four college-by-grading format groups: those subjects in 
the treatment group and not in the College, those students 
in the control group and in the College, and finally, those 
students in the control group and not in the College. These 
three groups chose distractor D more often than the correct 
choice. One interpretation of this incorrect distractor 
choice is that it is the result of mechanically computing a 
result without following that computation with the appropri­
ate analysis and interpretation. The scenario which leads a 
student to choose distractor choice D could be hypothesized 
to be one in which the student calculates y' and y", and 
then solves the equations y 1 = 0  and y" = 0, each of which 
has two solutions. The student then picks the distractor 
choice, namely D, which contains four points in its state­
ment. Distractor choice was found appealing by all groups 
except for those students in the treatment group who were 
enrolled in the College of Engineering and Physical Sci­
ences. This suggests that hypotheses related to persis­
tence, tendency or ability to analyze and judge the appro­
priateness of results may be appropriate here. All of these 
characteristics were, at least implicitly, emphasized in the 
constructive grading format.
A similar result was obtained on Item 32. Here again 
the college-by-grading format interaction appeared to be an 
important term in achieving a reasonable fit. A chi-square 
analysis of the 2 x 2  contingency table, college-by-grading 
format, revealed a significant difference ( a = .05) between
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choice of distractor for students in the control group and 
in the College of Engineering and Physical Sciences, and 
subjects in the control group and not in the College. Item 
32 is an application problem involving distance, velocity, 
and acceleration. An examination of the frequency distribu­
tion suggests that the problem is easier for students in the 
College. One reason for this result might be the concurrent 
enrollment in physics, or more extensive physics background 
at the secondary school level.
The log-linear analysis for Item 28 resulted in the 
consideration of a main effect for grading format. Its 
presence would suggest that the pattern of responses to 
Item 28 is different across grading format. A follow-up 
chi-square analysis of the contingency table, distractor 
choice-by-grading format, confirmed this result at the .05 
level. Item 28 is an indefinite integral involving the 
natural logarithmic function. An examination of the dis­
tribution of distractor choices for Item 28 suggests that 
potential reasons for the differences might be subtle and 
not readily apparent from the data collected in this study. 
The inability to draw conclusions from the quantitative data 
suggests that more qualitative follow-up procedures might be 
useful. These follow-up procedures could involve interviews 
with individual students to examine further why particular 
distractor choices may have been chosen.
Finally, the log-linear analysis for Item 30 suggests 
that, for this item, a main effect for sex is important in
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achieving a reasonable fit to the observed data. This con­
firms an earlier result of Ferrini-Mundy and Geuther (1985) 
using a similar analysis. Problem 30 asks the student to 
compute the area under a given curve, and its solution is 
facilitated by a visual representation of the situation.
The tendency of men to do better on this problem suggests 
that hypotheses related to ability or tendency to construct 
a visual representation may be appropriate here. The fact 
that distractor choice E, zero, was the most appealing for 
women, who answered the problem incorrectly, is perplexing. 
Interviews of individual students might also be valuable in 
this situation.
Analysis of Grader Rankings. The primary purpose of the 
grader reflection attitude scalewas to measure the extent of 
grader assimilation of the concept of a constructive grading 
environment. It was hypothesized that this assimilation would 
be reflected in the treatment graders' rankings of character­
istics of the grading environment. The results were encour­
aging. Differences between the two groups were found in 
their rankings of a list of grader characteristics. The 
treatment graders ranked several of the characteristics, 
ability to ask questions and ability to encourage the stu­
dent to explain his/her solution, lower (more important) 
than the control graders. These two statements represent 
important characteristics of a constructive grading process. 
The difference in rankings of these statements gives direct 
evidence that a difference in attitude, commitment, and use
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of constructive grading procedures existed between the 
treatment and control graders. These results substatiate 
that a difference in treatment conditions was present.
The differences among the rankings in response to the
statement, "I wish that calculus students ________________
may help to interpret the lack of a significant effect of 
grading format discussed in the previous section. The two 
statements on which differences were found, "would be more 
willing to talk during the grading session" and "would ask 
more questions" are two vital parts of the student's role in 
a constructive grading process. The rankings of these state­
ments represent, to some extent, the graders' evaluation of 
the student's role in the grading environment. They indi­
cate that although the graders' perception of and commitment 
to the grading process has changed, the students may tend 
to find the process difficult and may even be somewhat 
resistant. This result is supported by anecdotal evidence 
collected throughout the study in individual interviews with 
the treatment graders.
Interpretation of Qualitative Results
Student open-ended question. An examination of the 
frequency distribution for the various categories of re­
sponse on questions measuring the student's perception of 
the tutoring process reveals no major differences between 
the two groups of students. It is interesting to note that 
a slightly higher percentage of the treatment students indi-
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cated that an important step in the solution process was to 
reflect on prior information. In this case, that prior 
information was the forms of the integrals for the inverse 
trigonometric functions, the exponential function, and the 
logarithmic function. It is interesting to note that many 
of the students when playing the role of tutor for this par­
ticular problem gave their responses via an incorrect solu­
tion. Their incorrect solution was to convert the radical 
in the denominator to its equivalent exponential form and 
then to apply the chain rule. Embedded in this incorrect 
solution was a misconception that occurred in more than one 
instance. A close examination of the responses to this 
question revealed that quite a few of the students think of 
the inverse trigonometric and logarithmic integral formulas 
as short cuts to the chain rule. Evidence of this miscon­
ception lies in statements like the following:
Look for familiar equations like In and inverse fn.
If you don't see any, do it the long way. Put it as
/(9 -25x2)“^and use your given rules.
Grader open-ended question. An examination of the fre­
quency distribution for the various categories of errors 
suggested by the graders -.in response to the first question 
on the grader reflection attitude scale suggests no major 
differences between the two groups. Subtle differences 
occur in the number of categories with non-zero frequencies. 
The control graders as a group appear to be able to suggest 
more types of errors. This result is perplexing since it was 
the treatment graders who received instruction in error
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analysis. However, since the discussion in the preparation 
sessions for the treatment graders focused on error catego­
ries, it could be hypothesized that the treatment graders' 
shorter list of error categories represents an attempt to 
group the errors in some fashion.
Frequencies related to the second open-ended question, 
which asked the graders to describe a grading session be­
tween themselves and a student, tends support the premise 
that there is a difference in the two grading formats, 
treatment and control. It was encouraging to read the types 
of activities that the treatment graders were initiating 
with their students.
Implications for Future Research and Practice
The present study was an attempt to examine perspec­
tive of the teaching/learning process within the context of 
one aspect of the natural learning environment of a first 
semester calculus course. The theoretical perspective was 
explicated in Chapter II and the results of the study based 
on that perspective were summarized above. The theoretical 
literature would suggest that the implementation of tech­
niques designed to foster student reflection and participa­
tion would result in increased student understanding and 
achievement. The results regarding the effects of such a 
grading environment on measures of student attitude and 
achievement were inconclusive. However, the results regard­
ing the effects of a constructivist preparation program on
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grader attitude and grading procedures were encouraging. The 
implications of these results for both research and practice 
will be discussed in this section. Some of these implica­
tions are presented in the form of specific considerations 
and questions for future research. Others contain general 
implications of the overall results to various aspects of 
the teaching/learning process.
Results of the grader rankings as well as anecdotal 
observations indicate that the process of reflection is not 
acquired easily, that students have difficulty talking about 
their solution processes, and that students at times are 
resistant to the processes involved in a constructive grad­
ing format. These observations suggest several considera­
tions for future research. First, since it was observed 
that at times the students were resistant to the process, 
the development of materials designed to foster reflection 
must take the potential problem of motivation into consider­
ation .
Second, several researchers (Kilpatrick, 1985; Koplo- 
witz, 1979; Schoenfeld, 1983, 1985) in the area of mathe­
matical problem solving have also observed that the process 
of reflection, emphasized in the constructive grading envi­
ronment, does not come naturally or easily to most students. 
In contrast, Wong (1985), in her review of the literature on 
self-questioning instructional techniques in the area of 
reading comprehension, stated that the literature continu­
ally demonstrates the ease in which subjects can be trained
225
to generate self-questions. These conflicting results, those 
found in the area of mathematical problem solving and the 
present study versus those found in the studies reviewed 
by Wong, suggest that a reasonable direction for future re­
search would be to investigate characteristics of mathemat­
ics which may potentially make the process of student 
reflection more difficult to acquire.
The results obtained on the student reflection attitude 
scale suggest some specific directions for research. First, 
the lack of significant differences among the responses on 
the 20-item Likert scale suggest that further research would 
be enhanced by the development of a more refined instrument 
to measure the students' perception of the grading/testing 
process and their tendency to reflect. An implicit goal of 
the constructive grading process is that the technique of 
reflection fostered during the grading session would trans­
fer, somewhat naturally, to other aspects of the student's 
learning environment. It would be useful if a more refined 
measure would include a means of assessing whether or not 
this was the case.
Second, insights concerning students' commitment to a 
given solution process, and their ability to explain that 
process, could be gained by re-examining the students' 
responses to the open-ended question concerning tutoring 
format. The value of this re-examination would be increased 
by a simultaneous examination of each student's actual solu­
tion. A set of questions based on this type of format may
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potentially provide more valuable information about a stu­
dent's conceptions, solution processes, and errors than the 
conventional essay or multiple-choice format.
One of the goals of the present study was a preliminary 
investigation of the errors made by students in first semes­
ter calculus. Although the categories, at this stage, are 
not definitive or comprehensive, it is hoped that they may 
have some value for the teaching of calculus. This prelim­
inary analysis and informal observations have led to the 
following comments on the nature of calculus errors. First 
the errors tend to be systematic in nature. Characteristics 
similar to those described by Confrey and Lipton (1985) were 
observed. These characteristics are that the students have 
difficulty expressing and organizing their processes and 
there is little evidence of a strong commitment to them.
The slightest suggestion from the grader causes the student 
to change his/her mind. Second, many of the errors tend to 
result from some type of over-generalization. Most often 
this over-generalization is the result of the student not 
checking to see if a certain hypothesis is met before apply­
ing the conclusion. This suggests the need for classroom 
situations which confront the student with examples and non­
examples of a given concept and/or procedure. The third 
observation concerns the use of symbols. The variety of 
personal notational schemes that exist suggest that students 
find mathematical symbolism arbitrary and without meaning. 
This observation indicates a need for a more explicit treat-
227
ment of mathematical symbols, their value, uses, possible 
origins, and meanings. A more extensive investigation of 
student calculus difficulties is needed.
The distractor analysis of the final examination con­
ducted in the present study suggests a technique for inves­
tigating the nature of calculus errors further. A first 
step in this investigation would be the development of dis­
tractor choices that reflect different error categories 
and/or the characteristics of the solution processes of 
various groups of students. Comparisons which would poten­
tially be of interest would be men versus women, and stu­
dents in the College of Engineering and Physical Sciences 
versus students who are not in the College. The development 
of interview techniques designed to investigate reasons for 
choosing particular distractors, level of student commitment 
to his/her solution process, and resistance of errors to 
instruction, would also be valuable.
The theoretical framework and results of the present 
study would encourage a further exploration of the grading 
process and the role of the undergraduate calculus grader in 
that process. The individual contact with the student that 
is present in such a process needs to be capitalized on as 
much as possible. It appears to be a perfect opportunity to 
incorporate the characteristics of a constructive learning 
environment into a course taught in a large lecture format. 
The role of the grader in such a process is crucial and 
their preparation vital. A continued exploration and re­
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flection on the interaction between the grader and the stu­
dent will aid in the design of improved grader preparation 
materials. Such an investigation would be enhanced by the 
direct observation of the actual grading session. Direct 
observation of the grading session would provide an opportu­
nity to investigate where potential difficulties with the 
reflection process occur. Materials can then be developed 
to help the grader deal with these situations when they 
occur. Grader preparation sessions would continue to stress 
the active participation of the graders.
The development of materials designed to incorporate 
the characteristics of a constructivist learning environment 
into other aspects of the calculus environment would be wor­
thy of investigation. Areas with the most potential would 
be the calculus tutoring room and the Mathematics Learning 
and Remediation Center (MaC). A similar program to that de­
signed for the graders could be implemented with the calcu­
lus tutors.
The development of the constructive grader preparation 
materials represents an attempt to put a theoretical per­
spective of the teaching/learning process into practice.
The materials were designed to foster an atmosphere of ex­
ploration and reflection among two populations, a population 
of calculus students, and a population of calculus graders. 
The materials were designed to foster in the graders similar 
characteristics to those which it was hoped would be fos­
tered in the students by the constructive grading format.
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Research in the area of teacher training has begun to 
emphasize an exploration of teacher beliefs, attitudes, and 
knowledge (Good, 1984; MacKinnon, 1986; Russell, 1986: Shul- 
man, 1986). According to Russell (1986) this type of re­
search represents a trend away from a "behavioristic" para­
digm which focuses on specific skills which are thought to 
be required of effective teachers, and toward an "inquiry- 
oriented" paradigm which focuses on alternative interpreta­
tions of the classroom and the individual's ability to an­
alyze his/her own teaching. This latter paradigm appears 
consistent with the constructivist perspective of learning. 
Many of the initial studies in this area involve the inves­
tigation of an individual teacher's reflection process 
through direct observation and the use of cinical inter­
views. The favorable results obtained on the grader reflec­
tion attitude scale employed in the present study imply that 
the types of materials/activities used in the preparation 
programs could be useful in a teacher-training program 
developed from an "inquiry-oriented" perspective. Analysis 
and hypothesis generation focusing on specific student 
errors and processes, teacher-conducted clinical interviews 
with students, and the video-taping and reflective cri­
tiquing of staged and actual classroom settings, all could 
be useful activities. Each of them would in some way foster 
teacher reflection on his/her own practices as well as those 
of his/her students.
During the course of individual interviews conducted
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with the treatment graders throughout the study, several of 
the graders indicated a hesitancy in questioning the student 
due to a lack of confidence or comfortableness with the par­
ticular topic. An important question generated by this 
result would be whether or not lack of subject matter knowl­
edge inhibits the assimilation and commitment to construc­
tive grading/teaching techniques. This question is of par­
ticular importance in teacher training programs that involve 
conversion teachers who are trying to obtain certification 
in mathematics, an area in which most of them have very 
little or no background. The teacher has a vital role to 
play in the constructivist learning environment. Further 
research is needed into the factors that could potentially 
influence a teacher's assimilation of and commitment to this 
perspective.
Conclusion
The constructivist perspective of learning is just 
beginning to gain prominence in mathematics education 
(Kilpatrick, 1986). Much of the previous research in this 
area has been of a very qualitative nature, involving a 
small number of subjects and situations far removed from the 
classroom environment. The present study examined specific 
characteristics of a constructivist perspective of learning 
within the naturalistic context of a first semester calculus 
course. The research which has been reported contributes 
toward understanding the implications of such a perspective
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for research and practice. The study was based on a consis­
tent perspective which permeated the development of grader 
preparation materials and the design of the model for a con­
structive grading format. The research has provided results 
and generated questions which are worthy of further investi­
gation. The contribution of such further investigation will 




EXAMPLES FOR ERROR CATEGORIES
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Examples for Error Categories Presented in Chapter IV 
Example 1 : Wrong reconstruction of detail.
Comments : Note that the student, has reconstructed the quotient
rule incorrectly.
,(t) . ^ 1 4  .
•- - M - n
Example 2 : Wrong analogy type.
Comments: Invented' algorithm used by the student is






Example 3 : Mi3identification
Comments: Student ignores the constraint that this theorem
applies to this particular problem, if denominator is 
not equal to 0 when r = -2 .
d + J L U .  £k£-,’%  ,




Graph does not agree with given information or with 
points of intersection which the student has 
calculated correctly. Student is not making 




area bounded by tpe two curves qJJL 0
+ 2 f A  y +2X-?
* ¥ - w J
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Example 5: Misinterpretation of symbols
Comments: Student is treating the index like an exponent.
*(x) • (\jn r  - z)(3* - s*1)
= u  dz. *  J m . y
u ~/o*jy[£zx -sTt^  yr-))
=  (ivzyi-$oJz)y*')
Example 6: Faulty computation
Commen t s : Student has applied the appropriate calculus
techniques but has made an algebraic error in his/her 
treatment ot the negative exponent.
Integrate the following:
a) f Ux '  **
n  x
*  ' &  u
X T - ( - i ) - ( . 1 -<r V
* 5  +  H a  ~ 1  - %
APPENDIX B
1. Reflective Questions
2. Format for Reflective Grading Sessions
3. Supplementary Worksheets Used in Constructive 
Grader Preparation Sessions
QUESTIONS FOR YOU TO REFLECT ON TO HELP YOU WITH THE GRADING PROCESS
- Did I ask a lot of useless questions, ones that required only 'yes or 
no' answers ?
- Did the questions help me to build a model of what the student was 
thinking or how the student was solving the problem ?
- Did I force the student to talk about what they were doing ?
- Did my questions go somewhere ? Did they progress and generate more 
questions ?
- Did I get information by asking effective questions or did I just 
tell them things ?
- Did the students 3tart asking better questions ?
- Did I really listen to the answers and then base further questions on 
these answers ?
- How well did my categorization of the error match the student's 
description of what they did ?
- Did I ask questions that challenge the students beliefs ?
Format for Reflective Gradlncr Sessions:
1. Focus on problem statement
- ask student to read the problem to you and explain what they 
thought It wa3 asking them to do
- if the problem asks the student to use a specific algorithm... 
follow-up by asking the student to state the algorithm - question 
them as to when it can be applied
2. Focus on the student ' 3  work
- ask questions which force the student to reflect back on their own 
work
- start by focusing on the major errors in the problem...use the 
classification scheme as a guide
- student should be doing most of the talking...push them to 
verbalize all thoughts
- challenge them and test their understanding
- get them to be a3 precise as possible about what they are saying
- be patient...don't give out information too quickly...give them 
time to figure it out
- help them to express concepts in general terms
- ask them if they have a way of Judging to see if their answers 
makes sense —  a way of checking their results...help them to find 
one
- it might help to ask the student for examples
- give them a feeling that there are reasons for their errors
3. Focus on a More Appropriate Solution
- use examples and discussion to help the student develop a more 
appropriate solution
- give them another problem and see if they if they are able to 
solve it appropriately...force them to verbalize while they are 
solving this new problem...ask questions at each stage
Worksheet Name__________________________
Name__________________________
Consider the following problem and student solution:
Find ^  1f 5x3 - 2y2 - 4
>5 X  k d y  z O  
o \ X
oly- -  l ? XV 
OVX ^
With your partner discuss and write out answers to each of 
the following questions.
1. Describe why the student got the problem wrong.
2 . Describe how the student is interpreting the question.
3. Describe the algorithm(s) you think the student is using.
4. Is the student's solution similar to another process ?
If so, what process ?
5. How might the student's interpretation of the question get 
then into trouble later on '?
Worksheet
Consider each of the following problems and student 
solutions. Discuss and classify each of the errors using the 
classification scheme developed in class. Challenge each 
other...give specific reasons for your answers.
Find the f i r s t  derivatives o f tf«e fol lowing functions;
-fir) tr ( - 2)(2x - 5.k1)
d f  \ -  u  d x -  h  '
d ? b )  d* .
'*■) -/o* s y n *  * 'r ' )  ( )  j
-  (i  v d y i - ^ o d ^ )  *■*<>* i r r j
© 11m
s - )  ( s + I )2 (S H 'ib + O  sV is -H = r- =• & A t
(3 )  Find the f ir s t  derivatives of the following functions:
*W- mif c r
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(g) Find If y2 - 4x3 » 3
ari-ita*
(j^) Find the limit using I'Hopltal's rule:
_ o/
3 )  ~~ ^  C_^ "i
X ^  C w v  - v %  - jX ^a«^X 1- ^  K \ x 3  /
» %X
APPENDIX C
1. Student Reflection Attitude Scale
2. Grader Reflection Attitude Scale
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S T U D E N T  R E F L E C T I O N  
A T T  I T U D E  S C A  L E
Mane __________________________________________
Directions: The following questions cover Unit 4 material as well as 
calculus learning and testing procedures. YOUR SCORE ON THEM WILL NOT BE 
ADDED IN AS PART OF YOUR UNIT 4 TEST GRADE. This is an important part of our 
evaluation of the testincr process, 30 please take vour time and do your 
test. THANKS!
I. Consider the followina problem and incorrect solution. Circle all error: 
that the student made while solving tne problem. If the student has left 
something out. indicate it with a circle as well.
"i^oblenr> Find ^ ~ ^ ^
vJlvjcUn-t- ^olu4ior». ^ fx’+'-j1.)
r In ( X1) +• ^
 ^- In^ "1 - I" X 1
-  1 ^ )  = U  %  *
I o  ^3 ^  - I « J 1 = 1 O I wx’)
II. Imagine for a moment that you are tutoring someone in Calculus. Write a 
few sentences describing how you would explain to your student what he/she 
should do to complete the following problem.
E/aluerle :  ^ ~  i%
  J
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III. Circle the answer that best describes your opinion. <SD= 
Disagree, D=Disagree, U=Undecided, A=Agree, SA=Strongly Agree)
1. Memorization works best for me
in passing calculus exams. SD D U A
2. Looking at wrong solutions and trying 
to find my mistakes helps me learn 
calculus.
3. There are no such things as 'good' 
errors in calculus.
4. The procedure I use to solve a
calculus problem is not important.
SD D U A
SD D U A
SD D U A
I can't see why it is important to
learn two different methods for 3D
solving a problem.
6. Most of the mistakes I make on
calculus tests are computational. SD
7. Before I hand-in my test to be
graded, I usually look back and SD D U A
check all arithmetic computations.
8. Before I hand-in my test to be
graded, I usually check to make SD D U A
sure I have properly indicated the 
answer to each question.
9. Before I hand-in my test to be
graded, I usually read over each SD D U A
problem statement to make sure my 
answer reflects what is asked for.
10. Before I hand-in my test to be
graded, I usually read over each SD D U A
problem that I left blank to see 












11. Before I hand-in my test to be
graded, I usually look it over and SD D U A SA 
write in a few more details to 
clarify my process.
12. After I have completed my test 
I usually leave the testing room
immediately because I figure SD D U A SA
what's done is done and checking 
will not help.
13. When I look back over my work
I frequently change my answers. SD D U A SA
14. The most important characteristic
of the grading sessions is that 3D D U A SA
they give me the opportunity to talk 
about calculus with another person. -
15. The most improtant characteristic
of the grading sessions is that 3D D U A SA
they focus on wnere my weaKnesses 
are.
16. The most important characteristic
of the grading sessions is that SD D U A SA
they point out how I am thinking 
about particular concepts.
17. The most important characteristic
of the grading sessions is that they SD D U A SA 
show me the correct solution to each 
problem on the test.
18. The most important characteristic
of the grading sessions is that they SD D U A SA 
help me to think about how to prepare 
for the next te3t.
19. Working with the graders gives me SD D U A SA
better ways of asking questions.
20. What happens in the grading session
strongly influences how I study for SD D U A SA
the second try on a given unit.
21. If you could change one thing about the calculus testing/grading 
process, what would it be ?
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G R A D E R  R E F L E C T I O N  
A T T I T U D E  S C A L E
Name________________________________________________________________
Directions: The following- questions are designed to help us evaluate 
the Calculus Testing/Grading Process. Complete each of the parts 
according to the directions given. Only group responses of this data 
will be compiled; individual responses will be confidential. Please 
do all your writing on this paper. (Use the backs, if necessary.)
This is an important part of the department's evaluation so please 
take your time and do your best. THANKS !
I. Describe the kinds of errors students tend to make in solving eacr 
of the following types of calculus problems. You do not necessarily 
have to restrict your comments to the specific example given.
1. Find if ■ -  ^ 3  * *
2. An open top box with a square base is to be made from a square 
piece of cardboard 24 inches on a side by cutting out a square from 
each corner and turning up the flaps to form the sides of the box. 
Find the dimensions of the box with maximum volume.
3. Evaluate: ^  ^
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II. Consider the following problem and erroneous student solution. 
Write a few sentences describing what would take place between you 
and the student in this situation.
Problem: ^  * °
Student Solution: ^  - |n ( x a +
Wj « In (■X
lj — In = In ( x 3^
~ Invj} ~ In
t n ~ ~ In ( In *=0
(  a ( ^ ~ l - ^ Y 1 " ‘
jL — !— --73" = U'X4*




III. The following is a list of grader characteristics. Rank order
these characteristics from l=most important to 10=least
important.
  knowledge of the calculus techniques
  ability to ask questions
  ability to encourage the student to explain
his/her solution
  ability to diagnose student errors
  ability to give a clear explanation of the
correct solution
  ability to help students see reasons behind
their errors
  ability to help students focus on general
processes rather than specific problems
  ability to show students 'tricks' for completing
specific problems
  ability to assign the correct point value to a
given problem
  ability to recognize alternative solutions
IV. The list below contains several ways of completing the
following sentence. Rank order these statements from l=most 
appropriate to 10=least appropriate.
IN CARRYING OUT MY JOB AS A CALCULUS GRADER, I WOULD LIKE TO BE 
BETTER AT _________________________________________________ ■
  assigning the correct point values to specific problems
  encouraging the student to explain his/her solution
  solving calculus problems
  diagnosing student errors
  recognizing alternative solutions
  asking questions
  helping the students to see reasons behind their errors
  giving a clear explanation of the correct solution
  helping students to focus on general processes rather than
specific problems
  showing students 'tricks' for completing specific problems
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V . The list below contains several ways to complete the
following sentence. Rank order these statements from l=most 
appropriate to 8*least appropriate.
I WISH THAT CALCULUS STUDENTS___________________________________ .
  would be more willing to talk during the grading session
  would learn the procedures better
  would write down more steps in completing a given
problem
  would be less answer oriented
  would take more time to check their work before
leaving the testing room
  would memorize the formulas better
  would make fewer careless errors
  would ask more questions
VI . The following is a list of activities that could be included in
the calculus grader preparation sessions. Rank order these
activities from l=most important to 7=least important.
  a review of calculus techniques
  a demonstration on how to assign point values to specific
problems
  a discussion of the types of errors students might make
in solving calculus problems
  a discussion of the types of questions and examples that
the grader can use to help the student be more reflective
  the practice grading of an actual student exam
  a demonstration of several alternative ways to solve
a given calculus problem
  a discussion of the possible reasons behind the errors
that students make
VII . Indicate how often you do each of the following after you have 
finished grading on a particular afternoon or evening. 
(l=never, 2=occasionally, 3*frequently, 4=always>
I think hack over the session and make
a mental note ahout what kinds of questions 1 2  3 4
helped the students reflect back over their
work.
I think back over the session and make a
mental note of places where I need to read 1 2  3 4
the grade book more carefully.
I think back over the session and make a
mental note about what students had problems 1 2  3 4
with.
I think back over the session and make a
mental note about the kinds of examples 1 2  3 4
that seemed to be most helpful to the 
students.
I think back over the session and make a
mental note of the types of calculus 1 2  3 4
problems I should look over before my next 
scheduled grading session.
APPENDIX D
TABLE OF MEANS, COLLEGE X SEX X GF
Tab I e I) 1
Means and Standard Deviations, UNTS1 
<N= 1 , 2 , 3 ,4 ), and'FINAL7' CONSTRUCTIVE














U2TS1 12 61 .833
U2TS2 13 75.164
FEMALE U3TS1 12 70.260
U3TS2 8 71.2 75
U4TSI 12 67.667
U4TS2 10 7 1 .400
F IN A L 13 2 7.3 08
, 11 NTS 2 
Grp up by. C ()LLKGE and S EX.
CONSTRUCT I VE
NON CEE': ;
SD n M SD
20.0 75 24 7 7.063 71.289
11.322 i 2 80.167 11.908
20.4 23 19 6 0.526 21.879
23.130 19 61.421 20.150
17.717 19 65.211 2 2.350
16.517 19 7 3.94 7 i 4.567
19.096 21 66.76 2 23.356
17.835 2 3 64. 78 1 2 0.941
6. 593 25 2 3.7 20 8. 360
26.494 40 70.076 ! 8.415
24.938 27 82.96 3 0. 795
10.240 35 45.4 29 21.6 7 6
24.337 33 61 . 2 7 3 19.996
20.64 0 36 63. 1 J4 22.7 79
3 0.850 30 71.100 1 6 . 2 37
2 3.200 32 54.06 1 2 2.114
21.261 12 62.781 21.290
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U2TS1 7 4 5.429







,2,3,4 ) JJNTS2 
COLLEGE and SEX .
CONTROL
NONCEPS
sy n M SD
22.375 24 69.4 58 10.218
17.560 17 77.580 11.158
21 . 717 2 1 47.524 24.170
20.070 10 60.667 16.460
25.727 19 55.79 0 2 2.471
24.701 18 60.167 P.. 107
24.304 18 44.72 3 26.782
18.100 17 56.2 35 17.315
7. 379 24 21.00 3 8. 277
24.674 41 7 3.610 16.022
21 . 007 29 82. 103 11.127
14.920 36 52.000 19.177
21.191 39 67.410 13.674
27.597 37 56.000 20.680
10.536 36 7 2.061 19.215
21.042 18 47.974 2 2.773
9. 354 35 6 i.229 16.097





Item Analysis for FINAL, Entire Class, Calculus 
Fall 1985.
Likelihood Ratio Chi-square Statistics for Each 
Final Examination Item.
Items Used in Log-linear Analysis.
ITEM BIS.R DIFFICULTY MEAN P
1 0 . 6 4 6 . 9 2 3 . 9
2 0 . 4 1 6 . 9 2 4 0
3 ~ 0 .  3 3 1 2 . 3 2 5 . 7
4 0 . 6 7 6 . 9 2 6 . 6
6 0 . 7 0 8 . 7 2 4 2
6 0 . 6 8 4 . 4 2 3 . 6
7 0 . 7 6 8 . 2 2 5 . 6
8 0 . 4 1 9 . 1 24  a
8 0 . 6 2 7 2 24  4
10 0 . 6 8 8 . 7 2 5 . 8
11 0 . 6 5 6 . 5 2 4 . 0
12 0 . 6 4 1 0 . 3 2 6 .  1
13 0 . 6 7 9 . 8 2 6 . 0
14 O.  36 1 0 . 2 24  9
IS 0 .  5 6 9 . 4 2 6 . 7
16 0 .  28 16 .  1 2 6 . 4
17 0 . 5 0 1 0 . 8 2 6 . 2
18 0 .  27 1 1 8 2 6 . 0
19 0 . 4 6 8  8 24 9
2 0 0 . 7 1 7 4 2 6 .  1
2 1 0 . 6 4 8 . 0 2 6 . 2
22 0 . 6 7 6 . 4 2 5 . 6
23 0 . 6 2 8 . 4 2 4 8
24 0 . 3 3 9 . 6 2 4 6
25 0 . 4 7 1 0 . 2 2 6 . 7
26 0  47 9 . 3 2 5 . 2
27 0 . 6 8 8 . 7 2 6 . 6
28 0 . 7 2 8 . 4 2 6 . 7
2 9 0 . 6 2 1 0 . 8 2 7 . 0
3 0 0 . 6 4 9 2 2 6 . 0
31 0 .  4 5 6 . 8 2 4 . 0
32 0 . 6 4 8 8 2 5 . 2
3 3 0 . 2 9 1 1 4 2 6 . 0
3 4 0 . 3 5 1 2 . 1 2 6 . 6
3 5 0 . 5 4 1 0 . 7 2 6 . 4
3 6 0 . 6 2 9 . 3 2 6 . 0
37 0 . 4 9 7 . 7 34  6
3 8 0 . 3 9 13.1 2 6 . 6
39 0 . 4 8 1 2 . 1 2 6 . 8
4 0 0 . 6 8 7 . 8 2 6 . 2
MEAN F PCT P
AT
16. 7 6 6 . 3 31
16. 8 7 7 . 5 6 5 9 *
2 1 . 7 27 . 6 331
16. 6 6 0 . 6 47
14 8 8 5 . 6 12
14. 8 9 2 . 2 6 6 5  *
16. 8 6 6 . 7 10
2 0 0 6 8 . a 88
18 0 76 6 64
17 8 6 2 . 9 72
16 1 8 7 . 1 9
19 9 4 7 . 4 3 3
19 • 4 6 2 1 3 7 4 *
2 0 9 48 O 281
19 2 6 6 . 0 , 173
2 2 4 10 2 122
2 0 .4 41 9 4 7
21 . 8 32 6 , 73
19. 6 6 1 . 4 4 4 3 *
16. 4 7 4 . 1 2 0
17 6 6 6 . 8 91
17 6 6 6 . 0 34
18. a 6 6 3 4 6
2 0 7 6 4 . 9 85
2 0 .2 4 6 . 0 1 18
19 7 6 7 . 1 29
18 . 6 52 8 62
17 . 2 6 6 . 1 40
19 . 8 42 2 54
18 6 6 8 . 2 2 6
16 . 3 7 9 2 59
18 9 61 9 74
21 6 36 . 5 111
21 . 6 2 9 6 2 1 2 *
2 0 . 1 4 3 5 53
18 .6 6 6 8 31
18 . 6 7 2 . 0 2 6
21 8 22 .3 166
21 . 1 3 0 . 2 2 8 9
17 o 70 7 6 6
CHOICE.
BF C 0 E 0MI1
6 1 5 * 3 0 31 14 O
47 34 43 3 8 0
22 6 2 199* 107 0
4 3 6 * 45 43 148 2
13 6 1 7 * 25 54 O
6 8 3 0 13 O
15 4 8 0 * 2 0 9 6 1
4 2 4 * 2 5 124 6 0 O
42 5 4 4 * 14 5 6 1
9 2 3 6 4 5 2 * 67 2
16 32 6 2 8 * 36 O
5 7 34  1* 8 9 199 2
3 5 38 25 2 4 6 3
2 3 4 8 3 4 6 * 2 3 O
3 6 4 0 4 * 19 8 9 O
2 8  1 t o o 143 7 3 * 2
3 0 2 * 2 3 8 5 0 8 4 0
132 2 3 5 * 2 2 2 5 9 0
6 9 9 8 4 1 7 0 O
6 3 4 * 3 8 8 9 4 0 0
61 4 6 4 9 4 * 29 0
4 7 6 * 5 5 9 9 57 0
4 7 6 * 6 0 • 64 5 2 3
5 5 3 9 6 * 132 S3 0
9 3 92 3 4 5 * 7 1 2
183 5 2 *4 12* 4 5 0
1 17 6 3 3 8 0 * 106 3
2 6 5 6 4 7 6 * 122 1
6 9 127 166 3 0 4 * 1
54 5 7 4 18* 163 3
35 5 7 0 * 15 41 1
81 6 2 4 4 6 * 57 1
8 5 2 6 1 * 5 2 2 0 7 5
157 2 0 4 79 6 4 5
84 3 1 2 * 105 164 3
36 149 9 4 4 0 8 * 3
107 32 6 1 8 * 3 6 2
113 154 125 160* 3
42 4 9 2 1 7 * 121 3
120 5 1 0 * 7 16 0
MEAN P ' MEAN RAW SCORE OF ALL PASSINQ ITEM
PCT P - TOTAL PERCENT pASSINO ITEM
MEAN F • MEAN RAW SCORE OF ALL F M M N 4  ITEM
BIS.R- BISERIAL CORRELATION COEFFICIENT (ITEM ON TOTAL SCORE) 
DIFFICULTY RANGE • 0-30 (10 - AVERAGE DIFFICULTY)
* • CORRECT CHOICE
Table E-l. Item Analysis for FINAL, Entire Class 
Calculus I, Fall 1985.
TabLe E-2
L i k e l i h o o d  R a t i o C h i - s q u a r e S t e i t i s t i c s  N u l l Log- l i n e a r Model_ 1 o r
E a c h F i n a l  E x a m i n a t i o n I t e r n
I t e m r,A d t P I t e m Li o f P
11 2 3 . 4  5 6 2 8 . 7 1 0 ' ? * 2 6 . 8 6 8 28 . 6 8 1
12 3 4 . 1 1 6 2 8 . 1 9 7 I 2 2 2 6 . 2 2 9 28 . 5 6  0
13 4 1 . 7 8 2 2 8 . 04 5 1 2 3 3 8 . 6 2 4 28 . 0 8 7
[4 2 6 . 0 0 4 2 8 . 6 7  3 1 2 4 3 2 . 4 6 6 2 8 . 2 6 6
Lb 3 1 . 3 7 5 2 8 . 3 0 1 1 2 5 34 . 6 4  9 2 8 . 1 8 0
16 3 3 . 0 9 0 2 8 . 2 3 2 1 2 6 2 8 . 1 6 4 2 8 . 4 6 6
17 2 4 . 4 3 5 2 8 . 6 5 8 1 2 7 6 8 . 0 1 1 28 . 0 0 0
1 8 4 1 . 3 3 3 2 8 . 0 5 0 1 2 8 4 2 . 6 2 6 18 . 0 3 8
19 3 8 . 4 9 9 2 8 . 0 8 9 1 2 9 2 5 . 8 3 9 28 . 5 8 2
1 1 0 4 0 . 3 4 8 2 8 . 0 6 2 1 3 0 5 0 . 3 7 1 2 8 . 0 0 6
1 1 1 1 9 . 7 3 4 2 8 . 8 7 4 1 3 1 3 7 . 8 6  3 2 8 . 1 0 1
1 1 2 3 9 . 8 8 6 2 8 . 0 6 8 1 3 2 4 2 . 2 5 9 2 8 . 041
1 1 3 3 4 . 4 4 0 2 8 . 1 8 7 1 3 3 2 6 . 9 4 1 2 8 . 521
1 1 4 4 6 . 0 2 6 2 8 . 0 1 7 1 3 4 3 4 . 0 4 6 2 8 . 1 9 9
1 1 5 3 5 . 5 2 9 2 8 . 1 8 8 1 3 5 3 3 . 3 0 3 2 8 . 2 2 5
1 1 6 3 6 . 5 8 0 2 8 . 1 2 8 1 3 6 3 0 . 1 4 5 2 8 . 3 5 b
1 1 7 3 2 . 4 4 3 2 8 . 2 5 7 1 3 7 2 6 . 0 4  2 2 3 . 6 7  1
1 1 8 4 0 . 6 6 0 2 8 . 0 6 8 1 3 8 2 5 . 2  70 2 8 . 6  i 3
1 1 9 2 9 . 2 3 5 2 8 . 4 0 1 1 3 9 3 9 . 5 4  4 2 8 . 0 7 •:





Items Used in Log-linear Analysis
The value o f  lim -— r - ^ -  is 
h-*0 n
(a) 0 (b) I  (c) 1 (d) e a (e)
1 1
(b) ft- (c) 1 (d) " jy  (e) - / I
F o r  w h i c h  o f  the f o l l o w i n g  f u n c t i o n s  d o e s  t h e  p r o p e r t y  3 h o l d ?
d x  d x
(I) y - eX (II)  *y = e ' x ( HI )  y S a i h X
(a) I o n l y  (b) II o n l y  (c) III o n l y  (d) I 4 II (e) rr 4 III
W h i c h  o n e  o f  the f o l l o w i n g  s t a t e m e n t s  a b o u t  t h e  c u r v e  y  3 -  2 x ^  is t r u e
ij T h e  c u r v e  h a s  no r e l a t i v e  e x t r e m u m ,
b) The curve has one point o f  in f l e c t io n  and two r e la t iv e  extrema,
0$ The curve has two points o f  in f l e c t io n  and one r e la t iv e  extremum.
d) The curve has two points o f  in f l e c t io n  and two r e la t iv e  extrema.
e)  The curve has two points o f  in f l e c t io n  and three r e la t iv e  extrema.
8.
c o t 4irT
(a) /I
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27 • r(x -1 ) /x  dx
(a) 3 /x  -  - L - h a  (b) | x 3 /2  + ^-x1/2  * c  (c) £  x2 -  x * c
/x*
(d) |  x5/2 .  |  x3/2 + c (e) \  X2 + 2x3 /2  - x + c
2 8 .  -i
In x ( -  dx) «
(a) (In x )2 + c (b) In (x2 ) + c (c) J  In (x2 ) + c 
(d) j  (In x )2 + c (e) l n x  + c
30.
What i s  the area of the region in the f i r s t  quadrant bounded by the x -a x is  
and the graph o f  y * x -  x2?
a) 1 b) j  c) j  d) j  e) 0 -
• * The acce lera t ion  o of a body moving in a s tr a ig h t  l in e  i s  given in  terms o f  
t  by o * 8 -6 t .  I f  the v e lo c i ty  of the body i s  25 a t  t  ■ TI, and i f  s ( t )  i s  
the; d istance o f  the body from the origin  a t  time t ,  what i s  s (4 ) -  s (2 ) .
a) 20 b) 24 c) 28 d) 32 e) 42
APPENDIX F 
EXAMPLES OF STATEMENTS ON SRAS
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Examples of Typical Statements for SRAS Categories Listed in 
Table
Category: Evidence of Questioning Technique
- What can you do to make it look more like sin*1 derivative ?
- I would ask the student if the format looked familiar.
- What does this problem look like ? What inverse trig, 
formula ?
- Does it fit any formulas ?
Category : Forces Student to Reflect on Prior Information
- First, does this look like any derivative that you have 
learned so far ?
- Look at the structure: could it possibly be a special trig 
deriv., a simple deriv., a log function.
- Try to figure out what type of problem it is.
- First of all, keeping in mind the calc formulas we already 
know...
Category: Reasons/Motivation for Process are Presented
- It can't be logs since the derivative of the bottom isn't 
lying around somewhere.
- It looks much like S Vi- ” <3ln * C. • • • ^ut it
has to be fixed up to.fit the formula... in order to get 1 
out of 9 you must divide by the 9 - in the denominator.
- I don't want all this mess in the denominator. We want to 
get it into a form we know how to do. It looks like it 
might be a form of one of the inverse trig functions. Try 
to manipulate the numbers under the radical so it is in the
fCrm Sl
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Category: Explicit Steps for Given Problem are Outlined
factor out a 9 which in turn the sq. root(3)can be taken 
You are left with $ • '^he derivative is 3sin-'u
- Since it's sin_lx , we don't want the 9 in there so divide 
the entire expression under \j by 9 to get •
Then Jfc is in correct form and u = ^  x and
du = %d x .
- This is the arcsin equation. To make is possible to 
integrate the denominator must be ed by 3(/T ) which is 
the same as multiplying by 3 so a 1/3 is placed on the 
outside. The u = x. and the du = ■£ - so 3/5 must also 
be placed on the outside before it is possible to 
integrate. The rest follows as usual.
Category; General strategy, with no Reference to Given 
Problem, is Outlined t
- Set the denominator equal to u and differentiate with 
respect to du. Then integrate' the equation with u in place 
of the denominator. Then plug u back into the equation.
- Put it into accepted inverse trig form then evaluate.
- Try to figure out what type of problem it is...try to 
"play" with it to make it look like that problem...Make 
sure you have every piece... solve
- First try the basics...if they don't work try arc 
functions... if that then doesn't work try In...don't forget 
your c 's.
- Decide which inverse trig function that best fits tjis 
problem- Check the u and du to make sure everything in it 
that's needed - then solve - afterwards taking the 





The scores for all subjects on the algebra/trigonometry 
pretest, unit tests (first and second try), and final 
examination are presented in this section. The variables and 
codes are provided below. Codes for missing data are also 
given. It should be noted that a student is not required to










0 = Not enrolled in the
College of Engineering 
and Physical Sciences
1 = Enrolled in the College 





Score on 25-item algebra 
subtest of the pretest
Score on 16-item trigonometry 
subtest of the pretest.
Scores on the four calculus 
unit tests (Note: for each 
unit score on the first try 
precedes score on second 
try.) 999 = missing datum.





12 3 4 5 6 7 8 9 10 1 1 12 13
00 too 111611 96 999 51 68 84 93 58 80 26
0 0 2 0 0 111807 72 81 53 71 72 84 84 999 36
0 0 3 0 0 0 1 1 4 0 5 38 72 30 28 28 64 45 40 08
0 0 4 0 0 O l 1907 82 76 67 58 999 999 57 88 28
0 0 5 0 0 1124 12 91 999 55 91 70 91 83 92 29
0 0 6 0 0 1 11909 86 81 61 91 81 999 56 70 26
0 0 7 0 0 0 0 1 6 0 5 63 90 59 999 999 999 47 47 36
0 0 8 0 0 0 014 0 7 79 79 64 90 65 91 79 82 29
0 0 9 0 0 012211 87 999 77 87 81 81 76 88 28
O I O O O 0 1 1 9 0 7 87 92 8 0 999 84 82 72 75 28
01 too 0 0 1 9 0 2 7 1 999 21 51 41 72 20 63 13
0 1 2 0 0 0 0 1 7 0 7 70 999 49 33 64 999 70 999 18
0 1 3 0 0 111204 86 999 999 52 29 87 26 63 34
0 1 4 0 0 101403 84 94 61 62 67 91 72 6 1 26
0 1 5 0 0 0 124 0 4 66 92 29 76 999 51 999 30 21
0 1 6 0 0 O l 1108 12 60 27 36 15 58 999 35 17
0 1 7 0 0 012 111 73 92 73 999 73 84 999 80 29
0 1 8 0 0 O O I 107 74 93 52 54 77 81 54 64 26
0 1 9 0 0 111^07 4 1 64 35 4 1 34 6 0 55 49 30
0 2 0 0 0 0 0 1 7 0 8 84 96 42 79 57 84 999 38 19
0 2 1 0 0 0 0 2 1 1 2 83 92 79 75 44 7 1 60 999 27
0 2 2 0 0 0 1 1 8 0 9 77 83 55 87 64 87 42 65 37
0 2 3 0 0 111604 51 68 26 38 37 57 999 36 15
0 2 4 0 0 0 0 1 4 0 9 85 999 47 92 64 89 47 84 28
0 2 5 0 0 0 0 1 8 0 6 59 76 29 59 72 80 38 67 21
0 2 6 0 0 110902 60 72 37 64 78 999 61 65 25
0 2 7 0 0 111707 84 85 57 75 66 62 65 81 30
0 2 8 0 0 0 0 1 5 0 7 57 7 1 37 66 44 74 21 38 17
0 2 9 0 0 119999 91 94 89 96 80 89 54 85 38
0 3 0 0 0 0 0 1 8 0 5 67 77 999 46 26 6 0 32 52 20
0 3 1 0 0 0 1 2 0 0 6 too 999 9 9 9 63 999 84 45 75 28
0 3 2 0 0 0 0 1 6 0 8 55 88 31 63 46 77 65 7 1 24
0 3 3 0 0 111604 56 98 999 82 74 79 34 59 18
0 3 4 0 0 102009 90 999 71 83 80 89 83 78 30
0 3 5 0 0 111806 67 68 41 32 999 47 48 48 22
0 3 6 0 0 111604 39 84 999 14 999 32 999 999 18
0 3 7 0 0 111912 84 96 85 999 71 85 too 999 31
0 3 8 0 0 100906 O O 31 999 1 1 999 12 999 24 10
0 3 9 0 0 0 0 1 2 0 0 37 63 999 999 999 999 999 16 14
0 4 0 0 0 0 0 1 5 0 3 76 78 41 999 34 34 20 30 17
0 4 1 0 0 112209 96 999 80 96 77 87 80 90 32
0 4 2 0 0 101813 47 87 32 59 32 33 24 62 25
0 4 3 0 0 0 0 1 7 0 8 96 999 60 58 46 87 40 91 26
0 4 4 0 0 112307 9 0 999 80 999 82 9 9 9 59 73 34
0 4 5 0 0 002111 67 999 48 67 48 68 65 49 18
0 4 6 0 0 0 1 1 1 0 4 50 66 27 47 39 69 47 46 1 1
0 4 7 0 0 0 0 2 0 0 7 24 84 24 55 30 74 16 39 19
0 4 8 0 0 0 0 2 2 0 6 96 999 69 83 75 83 79 999 26
0 4 9 0 0 112207 75 86 55 87 4 1 91 52 78 25
0 5 0 0 0 0 0 2 1 0 8 88 92 82 999 86 9 9 9 89 999 27
0 5 1 0 0 0 0 2 3 0 9 47 68 17 26 999 34 999 07 1 1
0 5 2 0 0 101908 92 993 78 81 58 84 63 76 25
0 5 3 0 0 002111 92 999 67 93 85 999 92 999 32
0 5 4 0 0 0 0 1 7 1 0 68 90 23 71 23 59 48 58 17
0 5 5 0 0 0 1 1 1 0 7 56 67 999 38 48 56 52 38 io
0 5 6 0 0 101611 85 91 76 95 67 91 91 999 32
0 5 7 0 0 112208 85 999 73 999 999 73 7 1 999 29
0 5 8 0 0 0 0 1 5 0 6 78 96 57 86 57 81 34 63 17
0 5 9 0 0 00 0 4 0 4 48 71 15 62 O O 49 999 44 13
0 6 0 0 0 O l 1909 999 83 999 47 59 80 28 96 21
0 6 1 0 0 1 12210 9 0 999 90 999 76 82 74 78 30
0 6 2 0 0 102108 88 96 80 98 100 999 87 94 34
0 6 3 0 0 0 0 2 1 0 6 33 83 24 34 25 58 52 46 19
0 6 4 0 0 111608 74 71 43 85 79 999 44 74 28
0 6 5 0 0 102110 75 999 40 66 56 82 66 77 27
0 6 6 0 0 0122 0 7 96 999 84 999 lOO 999 74 86 36
0 6 7 0 0 0 0 1 8 0 9 67 92 69 98 80 96 76 999 30
0 6 8 0 0 102113 95 999 84 lOO 90 999 87 lOO 34
0 6 9 0 0 0 0 1 7 0 8 92 999 999 47 73 999 36 62 22
0 7 0 0 0 0 0 1 1 0 5 67 80 33 999 33 54 999 36 13
0 7 1 0 0 111603 74 88 9 9 9 33 999 71 999 66 17
0 7 2 0 0 111408 68 90 80 999 67 84 80 999 28
0 7 3 0 0 101505 87 999 59 67 78 999 78 999 29
0 7 4 0 0 111910 97 999 66 91 75 95 64 66 28
0 7 5 0 0 0 1 1 4 0 5 72 999 999 41 999 48 07 46 09
0 7 6 0 0 111506 71 95 46 60 61 61 21 78 27
0 7 7 0 0 110504 69 85 36 62 40 55 54 999 15
0 7 8 0 0 112109 83 100 84 999 64 85 92 999 35
0 7 9 0 0 111707 75 78 54 999 67 91 55 76 29
0 8 0 0 0 100904 62 9 0 32 67 41 89 28 61 21
- oooooooooooooooooooM^^^^^^^^^^OOOOOOOOOOOtOVIOtOUVttttCDGBODQDQlAaiAOOO(DO^ A(JI^ (i}M^ O(OO}^ 0)U1A(i)IO<*O(Oa9^ O)UI^ (i}M^ O(OQ)^ a)Ut&UM-»
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16100 111508 86 999 48 76 82 999 76 90 27
16200 002007 7 1 90 54 50 53 75 45 62 26
16300 002012 83 lOO 87 53 72 85 82 90 36
16400 Ol 1603 46 72 1 1 999 44 69 38 58 20
16500 111406 09 36 04 io 06 25 06 08 1 1
16600 001810 79 94 72 65 66 92 54 86 34
16700 011708 60 88 34 92 44 67 81 999 20
16800 101707 77 90 52 62 54 84 64 73 27
16900 011606 90 999 76 999 79 87 80 999 28
17000 002405 69 82 66 67 59 69 OO 25 16
17100 111206 77 98 30 55 59 77 43 69 25
17200 010906 65 77 62 56 62 60 999 43 18
17300 001908 81 999 60 55 69 67 49 66 22
17400 001706 84 999 78 88 54 74 40 62 20
17500 101608 92 999 34 63 65 72 7 1 999 22
17600 012105 56 61 43 57 999 999 999 999 1 1
17700 001604 56 84 999 81 23 72 40 60 15
17800 112209 84 79 51 68 68 999 47 63 19
17900 001612 90 999 61 72 51 79 65 61 28
18000 011204 42 66 26 54 18 32 08 999 OO
18100 01 1909 82 100 49 83 73 86 44 87 23
18200 Ol 1507 92 999 74 999 40 66 999 26 21
18300 001906 77 79 999 48 00 42 1 1 50 17
18400 012008 88 999 999 51 74 92 999 60 29
18500 000704 61 90 58 62 999 90 42 79 16
18600 111907 76 999 47 68 999 36 35 64 21
18700 011104 92 999 35 77 26 999 08 27 16
18800 001903 71 84 21 54 999 999 69 86 21
18900 002108 88 999 74 999 68 90 68 69 25
19000 111507 40 61 13 36 50 52 36 60 17
19100 002008 66 74 39 999 51 54 35 48 21
19200 1 1 141 1 92 999 48 59 63 72 34 70 32
19300 01 1810 92 999 78 999 90 999 76 999 31
19400 001609 79 87 62 78 70 84 29 999 25
19500 112009 96 999 71 78 999 94 77 82 34
19600 112004 73 94 78 67 70 85 63 77 26
19700 001504 92 999 999 59 31 57 999 61 17
19800 111704 75 96 58 82 84 999 39 78 33
19900 1 1 1913 85 95 67 94 OO 44 999 72 31
20000 010903 68 85 999 46 999 56 999 44 14
0 20100 1 1 181 1 39 61
O 20200 OOI107 30 58
0 20300 111402 81 999
O 20400 001902 50 58
O 20500 011405 49 75
O 20600 Ol1303 74 77
0 20700 Ol 1405 64 66
0 20800 002104 29 78
0 20900 110805 70 85
0 21000 111108 71 92
O 21 lOO 111108 50 72
O 21200 112307 72 74
O 21300 111805 88 999
O 21400 111006 69 70
0 21500 002209 94 999

























51 44 62 66 999 23 O
68 25 39 05 37 08 0
72 68 84 31 64 24 O
61 45 64 58 61 19 O
44 53 71 39 73 14 O
47 999 50 48 53 IB 0
42 48 70 46 77 22 O
62 41 80 35 64 23 O
20 34 79 999 60 27 O
48 51 84 48 74 24 0
999 999 14 999 999 12 0
77 64 65 46 76 34 0
79 82 999 58 80 23 0
58 78 94 60 81 20 0
82 90 999 85 999 36 0



















Responses on Student Reflection 
Attitude Scale
The responses on the student reflection attitude scale 
are presented in this section. The variables and codes cor­
responding to the given columns of data are given. Codes 
for missing values are also given.
Column Variables and Codes
A Student Identification Number
Responses on 20-item Likert 
Scale.




5 = Strong agree
W College
0 = Not enrolled in the
College of Engineering 
and Physical Sciences
1 = Enrolled in the College








Scores on 40-item multiple- 
choice final examination.
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M 01 CJ to to CJ to A A A A A A A mm A A A A A A A A Xk A A  * A A A A A A A 01 Mb A A A  m
tO A mm to A to to *m A mm S3 _ A A A .m A A A S3 A A  A A A A A A A A S3 -n
to (0 to to -b to to -m>A A A A mm A A .b A A A Mb A A  A A A _• A A A mm A A A  O
A * S3 A 01 to A A ■m A A A A A A A A A A & Xk A A A A A A  A A A A A A Ab A A A A A A  X
A A A CJ CJ CJ A A to S3 A A A A A A A A A * A A A & A. Xk Xk Xk & Xk & A & A A & A & A A  —
A Xk A 01 CJ A A A to A A A 01 A A A A A A & Xk A A Xk Xk A &  A Xk Xk & & * Xk A A A A •u c.
A u A 01 A A to to to A A A A A A A A A A * A A A A & * A  Xk A & A Xk Xk Xk A A A A A Xk xat A CJ 01 01 A A A A A A A A A A A A A A A & A Xk A & A A  A .fe Xk A A Xk Xk A A A A A &  r-
tO to S3 to S3 Mb A A S3 A A A A A A A A A A A mm A A S3 A Xk A  A A A A * A A A A Xk Xk A  S
Ni u CJ —• M to A A A A A A A A *m A A A Xk Mb A  A m. A A A Xk A A A IO 2
cn CJ A to to CJ A to A A A A A A A A A A & A A Ok A A A A  A A A A A A A X. A Xh A A Xk Q
tO. A to CJ 01 A A A tJ A A A A A A  A A A A Xk A k A A Xk Xk A  Xk A Xk A A A A Xk A A —  13
& A. A CJ CJ A A A A A *m A A A A A A A A & A A Xk A Xk A  & A A A Xk & Xk A A A A k -» O
to CJ CJ CJ to A A A A A «b A A A A A A A A ik Xk A A Xk A A A  A Xk A A A A A A A A A & Xk 33
A A CJ) 01 01 A A A to A A A A A A A A A A A A Mb A Xk k A A  A A A & A A Xk A A A A A A  A
A CJ 01 CJ 01 A A A to A A A A A A  A A A A Xk A A ■At A A A Xk A A A A A A Xk A A A A * A  —t
10 CJ to A to CJ A A A A A A A A A A A A A & A A A A A Xk A  A A A A Xk A Xk Xk A A & A  C
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0 8 1 0 0 0 0 5 5 8 2 6 4 2 9 2 4 1 1 2 4 5 5 5 5 4 2 3 2 3 2 2 3 4 4 tot 29 12100
0 8 2 0 0 0 0 2 6 4 5 4 4 4 9 1 4 2 1 2 4 4 4 4 4 1 1 2 4 4 4 4 3 4 4 111 28 •
0 8 3 0 0 0 2 4 5 6 6 4 1 1 9 4 3 1 4 2 4 4 4 3 4 3 3 3 4 4  11434 01 1 09 12200
0 8 4 0 0 0 0 4 8 0 1 4 1 9 9 2 4 4 2 4 4 2 2 2 4 2 1 3 5 4 4 5 2 3 4 1 1 1 27 12300
OB 5 0 0 0 2 6 5 0 4 7 0 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 1 1 1 15 12400
0 8 6 0 0 0 0 2 6 2 1 1 5 0 9 2 4 2 2 2 4 4 2 4 4 3 2 4 3 4 4 2 4 3 4 111 35 12500
0 8 7 0 0 0 7 7 6 2 9 2 8 5 9 4 5 2 1 1 2 4 4 4 4 4 1 2 4 4 4 4 4 4 4 1 11 29 12600
0 8 8 0 0 0 0 7 7 4 3 5 6 9 9 3 2 3 1 2 1 4 4 3 4 2 1 2 4 4 4 5 5 5 5 101 21 12700
0 8 9 0 0 0 1 8 5 0 8 6 1 7 9 4 3 2 1 1 2 2 4 2 5 4 3 2 3 4 3 5 5 3 5 111 30 12800
0 9 0 0 0 0 3 0 5 4 4 9 9 2 9 3 2 2 2 2 4 4 4 3 5 4 1 2 3 3 3 4 4 3 3 01 1 35 12900
0 9 1 0 0 0 4 9 4 6 0 3 4 3 9 4 2 4 1 5 5 5 5 5 5 4 2 4 4 4 4 3 5 2 4 Oil 15 13000
0 9 2 0 0 0 3 0 4 2 B 4 2 5 9 1 2 2 2 4 5 4 4 4 4 2 2 2 4 4 4 4 4 3 4 Oil 14 13100
0 9 3 0 0 0 2 6 6 0 4 1 3 8 9 3 5 2 1 2 2 4 4 4 4 3 2 2 4 4 3 2 5 3 4 101 1 1 13200
0 9 4 0 0 0 0 2 4 2 6 2 4 8 9 2 3 3 2 2 4 4 4 4 4 4 2 3 3 4 4 3 4 3 4 111 26 13300
0 9 5 0 0 0 0 1 4 8 7 8 7 6 9 2 2 2 2 2 3 4 2 2 5 2 3 2 4 4 3 4 4 2 4 001 24 13400
0 9 6 0 0 0 0 1 6 8 6 8 5 4 9 5 2 3 2 2 4 4 4 4 4 2 2 4 4 4 4 4 4 3 4 011 27 13500
0 9 7 0 0 0 0 1 6 4 9 9 8 5 9 3 2 4 4 2 5 4 4 2 5 2 1 2 2 4 1 4 5 2 5 111 27 13600
0 9 8 0 0 0 0 2 5 2 4 3 7 9 9 3 5 4 1 1 5 5 4 4 5 5 1 2 5 4 3 5 4 3 5 tit 31 13700
0 9 9 0 0 0 0 2 4 6 0 2 2 3 9 3 1 2 3 2 3 2 4 3 4 2 2 2 2 2 2 3 4 3 4 1 1 1 29 13800
lOOOO 0 0 2 5 0 0 1 0 9 9 5 3 4 2 2 2 2 4 2 4 2 1 1 4 5 4 2 4 3 3 01 1 21 13900
10100 0 4 7 6 4 2 3 8 7 9 4 2 4 2 1 5 4 5 3 5 3 1 3 4 4 3 5 5 4 2 OOI 1 1 14000
10200 0 0 2 5 8 7 9 3 3 9 3 4 4 2 3 4 5 5 4 4 2 2 2 2 2 2 4 2 3 3 OOI 29 14 lOO
10300 0 0 3 6 0 6 0 9 8 9 2 4 3 2 2 4 2 4 4 4 2 2 4 3 4 3 3 4 3 4 1 1 1 22 14200
10400 0 1 5 4 6 7 3 1 7 9 2 4 3 1 1 4 2 4 3 4 2 4 2 3 2 4 4 4 2 3 OOI 27 14300
10500 0 2 0 4 8 4 6 6 5 9 4 4 3 2 2 3 2 3 4 4 2 2 3 3 4 3 4 5 4 5 01 1 22 14400
10600 0 2 5 4 2 6 5 4 9 9 4 3 2 2 2 4 4 4 3 4 3 2 3 4 4 4 4 4 4 5 1 1 1 17 14500
10700 0 2 2 5 4 6  1 9 0 9 3 2 4 3 5 3 2 5 4 5 4 3 2 3 3 3 5 3 3 3 OOI 29 14600
10800 0 1 8 6 4 9 4 3 7 9 2 3 1 2 2 4 4 4 4 4 2 1 2 4 4 2 5 2 3 4 111 32 14700
10900 0 1 8 6 4 7 8 6 6 9 2 2 4 2 2 4 4 4 2 4 2 2 3 3 4 3 2 2 3 4 01 1 34 14800
1 lOOO 0 3 0 5 2 1 0 3 3 9 4 5 3 1 2 5 4 4 3 4 3 1 2 1 4 4 2 4 1 1 01 1 20 14900
moo 0 0 3 6 0 6 8 9 9 9 1 4 2 1 2 3 2 2 2 4 2 2 2 1 4 4 4 3 4 3 01 1 29 15000
1 1200 0 4 1 7 6 3 1 0 0 9 3 9 3 2 2 4 3 5 4 5 4 2 2 3 4 3 3 3 3 4 Ot 1 03 15100
1 1300 0 4 0 5 6 2 7 6 0 9 4 3 4 1 1 5 4 5 4 5 4 1 3 1 4 4 5 5 5 5 OOI 29 15200
11400 4 7 3 9 2 3 5 3 5 9 4 5 4 2 2 3 2 2 2 4 2 3 2 2 4 4 4 4 2 3 OOt 22 15300
11500 0 3 9 4 8 9 4 6 5 9 5 4  1 2 2 4 2 4 452441442324 Oil 27 15400
1 1600 5224 1447 1 9 2 5 5 1 1 5 1 5 5 5 2 1 4 4 5 4 5 5 5 5 011 29 15500
11700 0 0 3 4 2 1 6 4 2 9 4 3 2 4 2 4 4 3 4 4 2 2 2 3 4 4 2 4 3 4 Oil 00 15600
11800 0 0 7 5 8 0 0 9 8 9 4 5 3 2 2 3 4 4 4 4 4 2 4 4 4 4 4 4 3 4 Oil 21 15700
1 1900 2 6 4 4 3 2 2 8 7 9 4 4 4 1 2 2 2 2 2 4 2 1 1 4 5 2 4 2 4 2 001 13 15800
12000 0 0 2 6 4 1 2 4 8 9 2 4 1 1 1 2 3 3 4 5 2 3 1 4 4 4 4 5 3 3 111 17 15900
16000
0 0 ) 6 6 0 6 9 4 9 4 2 4 3 3 4 4 4 4 4 3 1 3 4 3 4 4 4 4 4  11 <
1 4 2 5 2 6 9 1 9 9 2 4 4 2 2 4 3 4 4 4 2 2 2 2 4 3 4 4 4 4  101 
1 3 3 5 8 7 9 1 9 9 1 3 3 ) 3 2 5 2 3 1 5 5 3 3 1  1 1 121 111 
0 0 9 5 0 7 9 6 7 9 4 2 4 2 3 4 2 4 4 5 2 3 2 5 5 3 5 5 4 5  011 
0 0 2 6 0 8 9 0 6 9 4 2 3 1 2 3 5 4 4 5 4 1 3 2 4 2 3 4 4 4  901 
0 4 4 4 6 9 6 8 3 9 4 4 4 2 2 5 1 2 3 3 3 3 4 4 4 4 4 4 4 3  111 
0 0 3 5 4 2 8 8 1 9 3 1 2 3 3 4 4 4 4 4 3 2 3 4 4 4 4 3 4 3  011 
0 0 9 6 9 7 8 2 9 9 3 3 4 4 2 4 4 4 4 4 4 2 2 4 2 2 4 3 4 3  001 
0 1 6 6 0 9 7 2 5 9 5 3 3 1 2 2 4 4 4 5 3 2 2 2 4 4 4 5 4 4  001 
5 4 9 2 7 6 8 5 4 9 1 3 1 4 2 5 4 4 4 4 2 1 4 4 2 2 4 3 3 4  001 
0 0 2 5 4 4 9 5 1 9 4 1 2 2 2 4 4 4 2 4 2 2 3 3 5 4 5 5 4 4  OOt 
0 3 0 5 8 0 7 9 0 9 2 1 4 1 2 5 4 4 4 4 2 1 4 4 4 2 2 2 2 4  111 
0 1 6 4 4 6 9 7 4 9 2 2 4 1  1 5 4 4 4 4 4 2 4 5 3 4 2 3 5 5  101 
0 0 1 6 6 1 0 8 1 9 3 2 4 2 3 4 4 4 3 4 2 2 2 5 5 4 5 5 4 4  0 1 0  
0 1 8 6 4 8 1 7 7 9 2 5 3 1 3 4 3 4 4 5 3 5 3 4 4 4 5 5 5 5  O O O  
0 0 1 5 0 9 3 4  1 9 2 4 3 2 2 2 4 4 4 4 3 2 2 4 4 3 4 5 3 4  0 0 0  
0 1 2 6 2 2 0 3 6 9 2 4 2 4 1 4 4 4 4 5 3 1 3 2 5 3 5 5 3 5  0 0 0  
0 0 1 6 6 9 6 3 1 9 5 1 1 1 1 4 4 4 4 4 4  144444444 0 0 0  
0 2 0 5 0 4 4 0 5 9 4 4 1 2 1 2 3 5 2 5 2 2 3 4 4 3 5 4 3 4  0 1 0  
0 0 1 4 2 6 6 4 5 9 2 1 2 1 1 5 4 4 2 5 2 2 4 4 2 1 4 5 3 4  110 
0 0 1 6 4 2 7 9 3 9 3 1 1 1 5 5 1 1 1 1 1 2 3 4 1 2  1131 O O O  
0 0 3 6 2 0 8 8 2 9 5 4  125344352 142545525 O O O  
OOIJ 4 4 5 0 7 9 9 9 9 9 9 9 9 9 9 9 5 9 9 9 9 9 9 9 9 9 9  1 10 
0 0 1 6 6 8 6 2 3 9 1 5 1 1 1 2 5 5 5 4 3 1 5 2 4 4 1 1 2 3  O l O  
2 2 3 2 1 5 8 9 0 9 5 4 3 3 2 4 4 4 4 4 2 3 2 3 4 4 4 4 4 4  O O O  
0 7 6 5 4 6 6 7 7 9 2 2 2 2 2 2 5 5 4 5 2 2 2 2 5 3 2 4 2 4  O O O  
0 0 1 6 4 8 9 6 5 9 3 2 2 3 2 5 4 4 4 4 3 2 4 4 3 2 5 4 4 3  110 
0 0 1 6 4 0 9 8 0 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  100 
0 0 3 4 8 9 3 8 7 9 2 2 3 2 2 2 2 4 4 5 4 2 2 4 3 3 2 4 4 4  O O O  
0 0 1 6 6 4 1 8 3 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  O O O  
029 6 4  1 2 3 0 9 2 5 3 1 2 5 5 5 5 5 5 1 2 3 1 2 4 2 3 5  0 0 0  
0 0 2 5 8 1 6 8 1 9 3 4 2 2 3 3 4 4 4 4 3 1 2 5 5 5 5 5 5 5  O O O  
0 0 1 6 0 8 9 0 0 9 2 4 4 1 5 1 4 3 2 5 2 2 4 1 2 2 4 4 1 5  110 
0 0 2 4 6 1 1 6 2 9 3 5 4 2 3 2 4 4 4 4 4 1 2 5 5 4 4 5 5 5  O O O  
0 0 1 5 8 6 4 2 1 9 3 5 4 2 2 4 5 5 5 4 3 2 2 2 4 4 4 4 2 4  0 0 0  
0 0 1 6 6 3 1 6 2 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  110 
5 6 2 9 2 9 3 5 2 9 2 4 4 1 1 4 4 4 4 5 4 1 4 4 4 4 3 3 3 2  110 
O O 1 6 2 3 6 B 5 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  110 
O O I 5 6 4 2 4  1 9 4 4 4 2 3 4 4 4 3 4 2 2 2 3 4 2 2 5 3 5  O O O  












































16100 0035010839312114554531344 14535 OOO 27
16200 001682 179952522224454 125554535 lOO 09
16300 002424638924131455553122243444 lOO 29
16400 039440676944312224242225215144 OOO 08
16500 001661794935314354454132544444 010 27
16600 177384632922222244442225525255 OOO 22
16700 002647786924312455453124434345 100 26
16800 002543235922422224444222443344 OOO 25
16900 002665156999999999999999999999 110 30
17000 029586643932422444442322344 139 110 30
17100 001545683913314344242235554554 110 13
17200 003645492999999999999999999999 100 28
17300 001602813943423344223342245334 OIO 30
17400 003604702914511244442235443433 010 17
17500 001662952999999999999999999999 100 23
17600 003587027944223324354132432443 OOO 12
17700 005544554934322924242222222435 OIO 20
17800 003480784914223424223222221223 110 27
17900 001666823925222434253124544555 100 30
18000 025646495924222344444 134435535 OOO 24
18100 139724552999999144444221314422 lOO 17
18200 12054697 1934322224242224423443 010 05
18300 001483046931451245442242335512 010 10
18400 1295699369453154 15453125344445 OIO 30
18500 002567427943323355553234434434 OOO 25
18600 0034212629434 11554453223435334 110 27
18700 014644839941323245352223325434 OOO 26
18800 003421478999999999999999999999 OOO 36
18900 001663558953334424442122545535 OIO 20
19000 046766472935322544442134222444 110 31
19100 02762652695432224444 1134334335 110 11
1920C 003602255911411244343224234434 OOO 34
19300 003502096932222444242322432293 OOO 17
19400 016481950944322544554 133333333 110 29
19500 301688684999999999999999999999 lOO 18
19600 148548438922 112232451124445534 OIO 20
19700 108424716925412254454134432445 100 27
19800 249153488934222343443235445433 OIO 28
19900 003648186925222445554224445443 OOO 16
20000 003648321931314244144243325234 110 25
20100 004700599952513425352132425525 010 18
20200 021484195944422444444224322424 OOO 22
20300 017422229999999999999999999999 010 15
20400 2160276239443423442523324 14434 OOO 20
20500 002507224911111154353134222434 lOO 22
20600 002421231999999999999999999999 010 11
20700 029588997942221444443125535555 OOO 15
20800 0306264 17911222543222224422424 110 19
20900 001621998945311444452135412535 000 28
21000 002627608945221545454144251515 010 00
21100 128622632932222444444 124244243 OIO 23
21200 006726221923221455554144444131 110 37
21300 018467152922112235454222223222 OIO 21
21400 027629914943425243352142424535 OOO 17
21500 018500827942332244443122433233 010 29
21600 033549567924212344442124423444 OOO 16
21700 001624568924424244442224444444 110 21
21800 458083744913211234324344411414 110 14
2 1900 330485908934312244242224424434 010 16
22000 039340447935211255553233423444 OOO 21
22100 172584147912321344442124545535 000 25
22200 143561331923213244454145444545 110 17
22300 026468043999999999999999999999 110 32
22400 040746092944442244442223334434 OOO 21
22500 138462497999999999999999999999 110 33
22600 00164940194 1511344354325524545 110 32
22700 585156737943322222242423433433 OIO 31
22800 019527154944352433442413333333 110 31
22900 013526187934342444444224432433 OOO 25
23000 002622407911531455553113335335 110 34
23100 003569157943221344444321141113 lOO 18
23200 009601953992242444443235533454 110 26
23300 042661646942323244443335555444 110 20
23400 048643278944342222252322444434 OOO 17
23500 379788338942222445554343334221 110 24
23600 002566386954241455551144552515 110 33
23700 115563843999999999999999999999 110 31
23800 029603156999999999999999999999 OOO 26
23900 027525318999999999999999999999 OIO 14
24000 034582359934232324242232423324 110 23
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2 4 1 0 0  0 0 3 6 0 6 9 0 9 9 2 3 2 2 2 4 4 4 3 4 2 2 4 3 4 4 4 4 4 4  100 29
2 4 2 0 0  0 3 1 6 0 0 1 1 4 9 4 2 4 3 2 2 4 4 4 4 2 2 2 2 2 2 2 4 2 4  0 0 0  08
2 4 3 0 0  0 3 3 5 6 9 7 6 1 9 4 4 4 2 2 4 4 4 4 4 2 2 3 4 5 3 3 4 4 4  110 24
2 4 4 0 0  0 2 5 5 2 4 9 6 2 9 3 1 3 3 4 2 4 4 4 4 4 2 2 3 4 2 4 3 2 5  O O O  13
2 4 5 0 0  3 9 3 7 2 2 1 0 7 9 4 4 2 3 2 3 4 4 4 4 4 2 2 5 5 4 5 5 5 4  O O O  19
2 4 6 0 0  2 0 9 5 4 5 1 0 6 9 1 1 3 3 4 2 2 4 2 5 ^ 2 2 1 1 1 4 2 2 1  0 1 0  14
2 4 7 0 0  0 2 0 6 4 6 3 9 6 9 3 4 2 2 2 3 4 4 3 4 2 3 2 2 3 3 2 4 2 3  110 20
2 4 8 0 0  0 0 2 6 4 2 1 2 9 9 3 5 2 1 2 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  0 1 0  18
2 4 9 0 0  0 0 5 6 6 8 7 5 8 9 2 3 2 1 1 3 4 4 3 5 4  123343444 O I O  22
2 5 0 0 0  5 6 9 0 2 4 9 1 5 9 3 2 3 1 4 4 4 4 2 4 2 1 2 3 5 4 4 4 3 5  O O O  23
2 5 1 0 0  0 3 2 5 6 5 1 1 4 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  110 27
2 5 2 0 0  2 3 4 1 7 4 2 9 7 9 2  1 2 1 1 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  110 24
2 5 3 0 0  0 4 4 7 6 2 1 9 4 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9  110 12
2 5 4 0 0  1 4 1 6 6 8 6 4 7 9 3 2 3 2 2 4 4 4 4 5 3 1 3 4 3 5 4 4 4 4  0 0 0  14
2 5 5 0 0  0 0 3 6 0 2 3 0 4 9 3 2 4 2 5 2 3 3 3 4 2 2 4 5 2 2 5 4 4 3  110 34
2 5 6 0 0  0 1 1 4 4 2 2 5 0 9 2 2 2 2 2 3 4 2 2 4 2 2 2 4 2 2 2 4 2 2  110 23
2 5 7 0 0  0 1 4 5 2 5 1 7 8 9 4 2 1 2 2 4 4 4 4 4 4 2 4 4 4 3 4 3 4 3  110 20
2 5 8 0 0  O I 8 5 2 8 2 5 6 9 4 3 4 2 2 3 4 4 4 4 3 I 3 3 4 4 4 3 3 2  O O O  36





Responses on Grader Reflection 
Attitude Scale
The responses on the Grader REflection Attitude Scale are 
presented in this section. The variables and codes correspond­
ing to the given columns of data are given. Codes for missing 
values are also given. The first five numbers given are a 
grader identification number (00100-0400).
Column Variables and Codes
1-19 Responses to question III,
1 = Most important 
10 = Least important 
0 = Missing datum
20-39 Responses to question IV.
1 = Most important 
10 = Leasat important 
0 = Missing datum
40-47 Responses to question V.
1 = Most important 
10 = Least important 
0 = Missing datum
48-54 Responses to question VI,
1 = Most important 
10 = Least important 
0 = Missing datum
276
56 Grading Format
0 = Control grader
1 = Constructive grader
O O I O O
00200
0 0 3 0 0
0 0 4 0 0
0 0 5 0 0
0 0 6 0 0
0 0 7 0 0
0 0 8 0 0
0 0 9 0 0
01 O O O
01100
01200
0 1 3 0 0
0 1 4 0 0
0 1 5 0 0
0 1 6 0 0
0 1 7 0 0
0 1 8 0 0




0 2 3 0 0
0 2 4 0 0
0 2 5 0 0
0 2 6 0 0
0 2 7 0 0
0 2 8 0 0
0 2 9 0 0
0 3 0 0 0
0 3 1 0 0
0 3 2 0 0
0 3 3 0 0
0 3 4 0 0
0 3 5 0 0
0 3 6 0 0
0 3 7 0 0
0 3 8 0 0
0 3 9 0 0
0 4 0 0 0
277
1 5 4 6 2 3 8 1 0 7 9 6 3 1 5 9 4 7 2 8 1 0 3 2 8 7 5 6 4 1 1 2 4 5 3 7 6 1
1 6 7 5 4 3 210 9 8 9 210 8 4 1 3 6 5 74 1 5 783623451672 1
1 5 2 8 4 3 910 6 7 6 1 7 3 5 4 3 2 9 1 0 1 5 4 7 6 8 2 3 7 4 5 6 1 2 3 1
0 0 0 0 0 0 0 0 0 0 9 410 8 6 1 5 2 3 7 2 3 4 5 6 7 8 1 7 5 4 1 2 6 3 1
1 7 3 4 6 2 510 8 9 9 2 3 4 8 5 1 6 7 1 0 8 4 3 5 7 1 2 6 1 4 6 2 3 5 7 1
2 7 5 6 1 4 3 8 1 0 9 1 0 2 7 6 a 1 4 5 3 9 2 1 8 6 5 7 4 3 1 6 4 2 5 7 3 1
2 3 5 9 4 6 1 10 8 7 8 5 2 9 7 3 6 4 1 1 0 5 1 6 7 3 2 8 4 1 2 7 4 6 3 5 1
2 8 6 5 1 7 310 9 4 9 6 8 4 2 7 3 1 5 1 0 2 3 8 4 7 6 5 1 1 7 5 2 6 4 3 1
5 3 4 6 8 2 1 10 9 710 3 7 3 6 4 2 8 1 9 1 6 5 2 4 8 7 3 1 7 4 6 0 2 5 1
5 3 2 4 8 1 6 7 910 8 210 7 6 4 1 9 3 5 2 7 8 6 1 5 3 4 3 7 6 1 2 5 4 1
3 4 2 6 1 7 810 5 9 5 3 4 6 9 2 7 1 8 1 0 2 6 1 4 5 7 8 3 3 4 2 1 5 7 6 1
7 9 5 6 2 1 310 4 8 5 110 8 7 4 2 3 6 9 8 1 4 6 7 2 3 5 1 4 3 2 6 7 5 1
1 a 3 4 2 5 610 9 7 9 3 8 2 1 4 5 6 7 1 0 5 1 6 7 3 8 2 4 7 6 3 1 5 2 7 1
1 6 7 5 4 3 210 9 8 8 110 4 7 3 5 6 2 9 6 2 5 7 1 8 4 3 7 2 3 1 5 6 7 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 8 2 6 3 4 510 7 9 8 1 9 6 7 2 3 5 4 1 0 6 1 2 7 3 8 4 5 1 5 6 4 2 3 7 1
8 7 3 5 2 1 4 9 1 0 6 8 1 9 6 5 7 4 2 3 1 0 4 2 5 3 6 8 7 1 1 2 6 4 3 5 7 0
1 8 7 2 5 4 610 9 3 7 8 5 6 4 9 1 2 3 1 0 8 1 6 7 4 2 5 3 2 6 3 7 1 5 4 0
1 6 7 2 4 9 8 1 0 3 5 6 4 9 3 7 1 5 8 2 1 0 8 1 2 3 5 7 6 4 3 2 5 4 1 7 6 0
1 9 4 8 7 2 310 6 5 2 1 10 3 5 4 7 8 9 6 5 1 4 2 8 3 7 6 1 5 6 3 2 4 7 0
1 2 3 5 8 6 710 9 4 9 5 8 3 7 4 2 6 11 0 4 1 7 6 2 8 3 5 2 7 4 1 3 5 6 0
110 8 3 2 5 4 9 6 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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